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Abstract
The epidermis is the uppermost layer of the skin. It possesses a distinct stratified structure consisting
of four sublayers, and a characteristic calcium profile which is strongly implicated in regulating this
structure. The calcium concentration rises from low concentrations in the lowest sublayers (stratum
basale and stratum spinosum) to a peak in the overlying sublayer (stratum granulosum) and then drops
to negligible levels in the most superficial sublayer (stratum corneum). The factors that regulate the
formation of the epidermal calcium profile are currently a source of debate. These factors definitely
include (1) passive regulation by the primary barrier function of the stratum corneum, but may also
include (2) active regulation due to calcium exchanges between cells and the surrounding extracellular
fluid (ECF), and (3) extracellular transport limitation in the stratum granulosum due to the secondary
barrier formed by tight junctions there. The relative importance of the latter two factors to the formation
of the epidermal calcium profile has yet to be resolved.
Epidermal cells (keratinocytes) can also be cultured in vitro to form a multi-layered structure
(“reconstructed epidermis”) that strongly resembles its in vivo counterpart (“normal epidermis”).
However, reconstructed epidermis typically lasts less than a month, following a well-defined but
unexplained growth and deterioration pattern. This is a serious clinical issue that affects its ability to be
stored as a readily available skin replacement for patients requiring emergency treatment. Because the
calcium distribution regulates epidermal structure, it is quite possible that its altered dynamics in vitro
could be responsible for the deterioration of reconstructed epidermis, although this has not yet been
investigated.
Mathematical models provide a complementary tool to reveal hidden regulatory mechanisms in
biological systems that cannot be discovered by experiments alone. In particular, multiphase models
have been successfully used to optimise experimental conditions for in vitro growth of engineered
tissues. This multiphase modelling approach is well-suited to investigate the formation of the epidermal
calcium profile and its potential impact on reconstructed epidermis deterioration, because the calcium
localised within keratinocytes (cell phase) can be mathematically separated from the calcium present in
the surrounding ECF (fluid phase).
Hence, this thesis examines both normal and reconstructed epidermis using multiphase models
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consisting of two phases (cells and fluid), in order to achieve two major objectives: (1) determine the
key mechanisms that regulate the calcium profile in unwounded normal epidermis, and (2) identify
the possible contributors to the growth and deterioration pattern of reconstructed epidermis. The
application of multiphase models to normal and reconstructed epidermis has not been reported
elsewhere and hence is a particularly novel aspect of this thesis.
For the first major objective, it is already well-established that the epidermal calcium profile is passively
regulated by the presence of stratum corneum. We assumed that this was true and thus first investigated
the spatial variation of calcium exchange through the viable epidermal sublayers using the steady state
solution of a multiphase model parameterised for both human and murine epidermis. To accomplish
this, velocity profiles for the cells and ECF were calculated from experimental data for the proliferation
and growth kinetics of keratinocytes in these sublayers. We assumed that the diffusion of calcium
through the ECF could be approximated by its diffusion in water at skin temperature. From this
diffusion consideration and the calculated ECF velocity profiles, the relative contributions of advection
and diffusion to the motion of extracellular calcium were compared. We found that diffusion governs
extracellular calcium motion. This indicated that the intracellular calcium was the main source of the
total epidermal calcium profile. Using the equations of the multiphase model at steady state together
with some reasonable assumptions, we used the calculated cell velocity profiles and experimental data
for the total calcium profiles to predict the spatial profile of calcium exchange between cells and the
ECF in the viable epidermis. We found that there is net influx of calcium ions into keratinocytes from
the ECF in the lowest epidermal sublayers (stratum basale and stratum granulosum) and that there is
net outflux of these ions in the stratum granulosum. This indicated that the spatial pattern of calcium
exchange between keratinocytes and ECF is an important contributor to the regulation of the calcium
profile in unwounded epidermis.
We then updated this steady state multiphase model to include the presence of tight junctions in the
stratum granulosum. We found that considering tight junctions as a local reduction in the diffusion
coefficient could explain the remaining discrepancy between our model and the experimental data for
the epidermal calcium profile, the latter showing a rise in extracellular calcium concentration in the
stratum granulosum. We concluded that the calcium profile in unwounded epidermis most likely forms
in response to all three investigated factors: the barrier functions of the stratum corneum and tight
junctions, and the spatial pattern of calcium exchange between the keratinocytes and ECF.
For the second major objective, we developed a spatiotemporal multiphase model of the growth
of reconstructed human epidermis, consisting of partial differential equations that describe the
distributions of intracellular and extracellular calcium, tight junctions, and a signal chemical
hypothesised to induce tight junction formation, and ordinary differential equations that describe
the motion of the epidermal sublayer boundaries and hence the growth of reconstructed epidermis. The
model considered the growth of reconstructed epidermis from basal keratinocytes to a fully stratified
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structure in three temporal stages, each stage corresponding to the formation of individual suprabasal
layers (stratum spinosum, stratum granulosum and stratum corneum).
The model was solved using three different methods. First, an analytical solution of the spatiotemporal
dynamics could be derived for certain parameter values. Second, steady states of the model were
calculated using a root-finding algorithm, which numerically calculated the steady state distributions
of intracellular and extracellular calcium, signal chemical and tight junctions for guessed values of the
sublayer boundary positions, and then iteratively updated the guesses of these boundary positions
based on the mismatch between these guesses and their expected positions according to their governing
ordinary differential equations. Third, the full spatiotemporal model was solved numerically by first
employing a mathematical transformation of the growing spatial domain to a fixed domain, and then
numerically solving the resulting system of ordinary and partial differential equations. The model
demonstrated that epidermal skin substitute deterioration cannot be attributed to in vitro dysfunction
of tight junction expression in the stratum granulosum, but some deterioriation is possible if the
extracellular diffusion of calcium throughout the reconstructed epidermis is reduced from reported
values in the literature. Hence, the reason for the growth and deterioration of reconstructed epidermis
remains an open question, but the mathematical modelling and conceptual background developed here
may aid future efforts to resolve this question.
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Chapter 1
Introductory Material
This chapter introduces the biological concepts and mathematical methods that are used in this thesis,
and reviews the relevant literature. Firstly, background information is provided to explain the reasons
why calcium and tight junctions in normal and reconstructed epidermis are of significant research
interest (Section 1.1). This is followed by a literature review of the relevant biological advancements
(Section 1.2) and mathematical modelling performed thus far (Section 1.3), including continuum and
agent-based models. Finally, this introductory chapter concludes with a summary of the thesis objectives
(Section 1.4) and an outline of the subsequent chapters (Section 1.5).
1.1 Introduction
Skin plays an essential role in our survival. It provides a barrier that keeps body fluids and organs
internal, and environmental threats external [16]. When skin becomes wounded, several processes
respond to repair the barrier [17]. Superficial wounds heal quickly and simply regenerate the epidermis,
which is the skin’s uppermost layer. For deeper wounds that damage at least part of the underlying
dermis, the body responds with a three-phase healing process [18]. All three phases generally overlap.
Firstly, in the inflammation phase, the body controls blood loss and fights bacterial invasion. Next,
in the proliferation phase, the body produces new tissue to fill the gap left by the wound. Finally,
after sufficient proliferation, the wound becomes superficial, and epidermal regeneration completes the
healing process.
For superficial wounds, one of the earliest responses is the exocytosis of lipids from epidermal cells,
in an attempt to temporarily restore barrier function while the skin repairs itself [19]. This response is
signalled by the loss of calcium ions in the upper epidermis that occurs as a result of the wound [20].
Calcium ions form a distinct “concentration gradient” in unwounded epidermis, rising in concentration
towards the skin surface [3]. This gradient of epidermal calcium is almost completely lost during
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wounding, and its profile recovers gradually during barrier repair [21]. The epidermal calcium profile
is also abnormal in patients with Hailey-Hailey or Darier diseases [22], both of which are skin disorders
caused by mutations in calcium pumps (Ca2+-ATPases), that are characterised by painful or odorous
skin lesions. These considerations demonstrate that calcium plays an important role in the management
of the epidermal component of the skin barrier.
The barrier function of the skin is attributed primarily to the uppermost compartment of the epidermis,
the stratum corneum (SC), and secondarily to tight junctions (TJs) that form just below the SC [23, 24].
The SC consists of epidermal cells and exocytosed lipids in a “bricks and mortar” architecture that
confers mechanical and chemical protection and water impermeability to the skin [25]. TJs are adhesions
between neighbouring cells that further limit fluid and ion transfer [26] and have been recently shown to
regulate the epidermal calcium gradient [27,28]. Hence there is a complex interaction between calcium,
TJs and the SC that maintains the barrier function of the skin.
However, in some cases the skin barrier fails to heal and wounds become chronic. Chronic wounds are
difficult and expensive to treat. In 2005 the Australian Wound Management Association estimated that
the annual cost of treatment and management of chronic wounds to the Australian health care system
was about $3 billion [29].
An advanced strategy for healing chronic wounds is the application of “skin substitutes”, which are
wound dressings consisting of laboratory-grown skin cells combined with an acellular scaffold, that
have been intensely studied for over 30 years [30–32]. Skin substitutes are believed to be “superior
to moisture-retentive dresssings because they restore the skin’s natural barrier properties preventing
evaporative water loss, heat loss, protein and electrolyte loss, and bacterial contamination” [18].
Theoretically, a small number of skin cells can be cultured to create a skin substitute that covers the
entire wound area.
Skin substitutes also have the potential for widespread application in pre-clinical trials of cosmetic
products [33]. In recent years, there have been pushes to reduce or eliminate the use of animal testing
for cosmetic products, and the European Union has already issued a directive forbidding such animal
use [34]. This directive is legislative in all 28 member states of the European Union.
Unfortunately, no skin substitute has replicated all components of living skin thus far. Human skin
in vivo consists of multiple cell types and contains distinct structures including hair follicles, sweat
glands and blood vessels [35]. In contrast, skin substitutes currently contain only one or two cell types
(keratinocytes and/or fibroblasts) [36], and the incorporation of integumentary structures such as sweat
glands [37] and hair [38] has only been recently investigated.
Many different skin substitutes have been produced both for research and commercial purposes, leading
to the growing need for classification of the various types of skin substitutes [36]. In this thesis, I focused
on a skin substitute that has been recently investigated by experimental researchers at Queensland
University of Technology [39]. This particular skin substitute possesses an acellular dermis upon which
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keratinocytes (the main cell type of the epidermis) grow in vitro to form a multilayered structure that is
very similar to living epidermis in vivo [1]. Because this skin substitute is only cellular in its epidermal
component, throughout this thesis this component is referred to as “reconstructed epidermis”, and in
vivo epidermis is referred to as “normal epidermis”.
Normal epidermis decreases in thickness slowly over the human lifetime [40], whilst reconstructed
epidermis possesses a typical shelf-life of less than one month, following a growth and deterioration
pattern that has yet to be explained (Figure 1.1). In particular, reconstructed epidermis grows in a normal
pattern for the first 10 days, but then the SC barrier becomes abnormally thick and the underlying
sublayers reduce in thickness, until the reconstructed epidermis becomes unusable. This growth and
deterioration pattern has been observed in both human [1, 41, 42] and murine skin substitutes [43].
0 5 10 15 20
0
100
200
300
Viable sublayers
SC
Time (days)
H
ei
gh
t(
µ
m
)
Figure 1.1: The growth and deterioration pattern of reconstructed epidermis [1].
Reconstructed epidermis possesses TJs below the SC [44], and an epidermal calcium gradient, both of
which are similar to normal epidermis [6, 45]. Because there is a complex interaction between calcium,
TJs and the SC that controls skin barrier function in normal epidermis, an imbalance in this complex
interaction could be responsible for the short lifetime of reconstructed epidermis.
Mathematical modelling provides a complementary tool to reveal hidden regulatory mechanisms in
biological systems that cannot be discovered by experiments alone [46]. For example, mathematical
models have been used to produce comprehensive 3D simulations of human epidermis [47, 48],
investigate the formation of the epidermal calcium gradient [49] and its contribution to epidermal
homeostasis [50]. Recent experimental evidence has indicated that the partitioning of the epidermal
calcium gradient between intracellular and extracellular domains may be important for its normal
formation [51] and its response to wounding [52], and no mathematical model to date has investigated
this partitioning or its implications on the growth and deterioration of reconstructed epidermis.
Multiphase modelling is an approach which is ideally suited to investigate this partitioning of
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epidermal calcium, as it separates each spatial point into several co-existing phases (e.g. a cell phase
for intracellular calcium and a fluid phase for extracellular calcium) and the resulting equations can be
solved at the tissue level without consideration of the individual cells. Multiphase models have been
recently used to simulate the growth of a variety of different engineered tissues [53], but have never
been used before to investigate normal or reconstructed epidermis.
In this thesis, the interaction between calcium, TJs and the epidermal barrier function is investigated
using a multiphase modelling approach, firstly in normal epidermis (Chapters 2 and 3) and secondly in
reconstructed epidermis (Chapters 4 and 5). Whilst the details of the current biological understanding of
the epidermal calcium gradient are left to Section 1.2.3, it is noted here that the first major objective of this
thesis is to determine the key mechanisms that regulate the epidermal calcium profile in unwounded
normal epidermis. The second major objective of this thesis is to identify the possible contributors to the
growth and deterioration pattern of reconstructed epidermis (Figure 1.1). The two major objectives of
this thesis, and the models used and results generated to achieve these objectives, are detailed in Section
1.4.
1.2 Literature Review: Biology
1.2.1 Normal epidermis
The epidermis is classified structurally as a keratinising stratified squamous epithelium [35]. This
classification indicates that the epidermis (1) produces proteins called keratins, (2) consists of multiple
cell layers (with cells that vary in shape from cuboidal to flat pentagonal or hexagonal), (3) is completely
cellular and (4) completely covers the underlying dermis. Many other epithelia are present in the human
body, for example in the urinary tract (urothelium), the bronchi and the cornea.
Depending on the area of the body, the epidermis is 40-400 µm thick [54]. The epidermis is thinnest on
the face and torso, and thickest at the fingertips. Keratinocytes, a type of cell containing keratin, occupy
95% of the cell volume. The epidermis also contains dendritic (tree-like, branching) Langerhans’ cells,
melanocytes and Merkel cells [55]. A thin collagenised undulating layer, the basement membrane (BM),
separates the dermis and epidermis. Cells on the lowest layer of the epidermis are connected to the BM
by hemidesmosomes [56].
The epidermis itself is typically composed of four distinct sublayers. From deep to superficial, these
sublayers are [16, 55, 57]:
1. The stratum basale (SB): This sublayer is 1-2 cells thick, and contains proliferating (reproducing)
keratinocytes, melanocytes and occasional Merkel cells. All cells are cuboidal with ∼5µm width.
Melanocytes occupy 10-25% of the cell volume, produce melanin which gives skin its colour,
and dendritically branch into the overlying sublayer. Merkel cells, which are less common, are
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associated with free sensory nerve endings in the underlying dermis, and together these function
as a touch sensory receptor. The SB is also sometimes called the stratum germinativum, the basal
layer, or the basal compartment.
Keratinocytes, which occupy the majority of the SB volume, possess near-cuboidal shape, and
are suggested to either be divided into stem cell and transit-amplifying (TA) cell subpopulations
that are spatially separated into two different regions of the SB [58–62], or consist of a single
progenitor population with stochastically-distributed proliferation rates [63, 64]. According to the
stem/TA theory, stem cells divide slowly and indefinitely, each time producing one stem cell and
one TA cell, whilst TA cells divide 3-5 times [65, 66] after which they become nonproliferative
and characterise the overlying sublayer. Which of the two competing theories of keratinocyte
proliferation is correct - stem and TA cell subpopulations versus a single stochastic progenitor
population - is currently a hotly debated topic in the literature [62, 64].
2. The stratum spinosum (SS): This sublayer is 2-7 cells thick, and contains non-proliferating
keratinocytes, melanin granules and Langerhans’ cells. Langerhans’ cells originate in bone
marrow and phagocytise (ingest) foreign materials as part of the body’s immune system response.
The keratinocytes in this sublayer become irregularly shaped and flattened with increased
volume [67, 68]. Because they have irreversibly changed shape and function, the keratinocytes
are said to have differentiated to a new phenotype. These keratinocytes migrate towards the skin
surface, displaced from the SB by proliferation there.
In the keratinocyte cytosol (the fluid within the keratinocytes that surrounds their nuclei),
lamellar bodies including membrane-coating granules, Odland bodies, lamellar granules and
keratinosomes are formed [69]. These lamellar bodies will become important for the formation of
epidermal sublayers above the SS.
3. The stratum granulosum (SG): This sublayer is 2-3 cells thick, and contains flattened keratinocytes
possessing reduced volume [70, 71]. Keratinocyte nuclei and organelles (cytoplasm subunits)
disintegrate. In the transition between the SG and the overlying sublayer, keratinocytes die and
secrete their lamellar bodies. The lamellar bodies are biochemically processed, in the extracellular
fluid (ECF) that surrounds the cells, to form lipids [19].
4. The stratum corneum (SC): This sublayer is over 25 cells thick and consists of dead flattened
keratinocytes called corneocytes, surrounded by the lipids that were secreted at the SG-SC
boundary. The corneocytes and lipids form a “bricks and mortar” architecture [25, 72] that is
primarily responsible for the skin’s barrier function [73], simultaneously protecting the body
against transepidermal water loss [74] and penetration of foreign substances [75]. Corneocytes
have pentagonal or hexagonal shape, with cell edges overlapping, and are ∼0.3µm thick and 30-
40µm in diameter. The flat surfaces of the corneocytes are connected to each other by desmosome
rivets, and this rigid stable structure acts as a scaffold for the extracellular lipids. Towards the skin
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surface, the corneocyte/lipid structure has reduced adhesion and is sloughed off during everyday
activity [16], so that healthy epidermis overall maintains a relatively constant thickness.
A keratinocyte’s journey from the BM to the skin surface through all four sublayers [76] takes
approximately 1-2 months [7]. A fifth sublayer, the stratum lucidum, is present in the palms and
soles [55], but is usually inconspicuous in other areas of the body. This transition sublayer is at most
one cell thick, and resides between the SG and SC. It probably represents a stage after keratinocyte
disintegration, where the structural components of the overlying SC have been released into the ECF
but have not yet completely formed its structure [77].
1.2.2 Reconstructed epidermis
Reconstructed epidermis is a multi-layered structure, typically consisting only of keratinocytes [78], that
has been cultured in vitro and strongly resembles normal epidermis. It may be used as an epidermal
skin substitute [79] or as the epidermal component of a composite skin substitute [80]. Clinically,
reconstructed epidermis may be used either as a permanent skin transplant or as a temporary biological
dressing that stimulates skin repair processes [81]. In this review of reconstructed epidermis, I briefly
outline the history of their development, discuss how they fit within the broader spectrum of currently
available skin substitutes, and provide specific details on the epidermal skin substitute that this thesis
focuses upon [1, 39] with a focus on how this substitute is produced.
A brief history of reconstructed epidermis
The development of modern reconstructed epidermis can be traced back to the investigation of a few
key cell colonies in the 1960s and 1970s. At that time, biologists were interested in how to culture and
then successively subculture biological cells in vitro for many generations or indefinitely (immortally) to
produce “cell lines”. Of the two main skin cell types - keratinocytes from the epidermis and fibroblasts
from the dermis - fibroblast-derived cell lines proved initially easier to cultivate. In 1961, Hayflick and
Moorhead established a mortal diploid fibroblast line from human fetuses [82]. In 1963, Todaro and
Green found an immortal fibroblast line derived from mouse embryos [83]. The main difficulty with
culturing keratinocytes in vitro was that their colony formation required the presence of fibroblasts but
these keratinocyte colonies were easily overgrown by the fibroblast population [84].
The major breakthrough came in 1975, when Rheinwald and Green reported two discoveries: a
keratinocyte line derived from a mouse teratoma (benign tumour) [85] and that human epidermal
keratinocytes can be successfully cultivated if the growth of the accompanying fibroblasts is suppressed
by lethally irradiated 3T3 cells [84]. However, the plating efficiency (success rate) of these cultures on
glass or plastic surfaces was typically less than 15% [86]. A year after Rheinwald and Green’s historic
work was published, Freeman et al. [87] reported that the plating efficiency could be increased to over
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90% if the keratinocytes were cultured on dermal collagen derived from sterile porcine skin. In 1978, Liu
and Karasek [86] established that culturing human keratinocytes on many different collagen surfaces,
including collagen-coated plastic surfaces or collagen gels, yielded similarly high plating efficiencies
of>70%.
Since then, it has been established that keratinocytes can be induced to differentiate in vitro to form
multi-layered structures that resemble normal epidermis in a number of ways, including the culture
of keratinocytes on dermal substrates at an air-liquid interface [88], the suspension of keratinocytes
in methylcellulose [89], or the addition of calcium to the growth medium [90]. The latter result - that
calcium induces keratinocyte differentiation in vitro - is particularly interesting as it implicates calcium in
the regulation of epidermal structure. Following the publication of this result [90], an entirely new field
of experimental research developed that focused on the relationship between calcium and epidermal
homeostasis (e.g. [4, 20, 91]). This fundamental research, which is discussed in Section 1.2.3, developed
in parallel with the more applied research that aimed to improve the ability of reconstructed epidermis
to replicate normal epidermis.
Current state of skin substitute research
Modern skin substitutes typically contain at most two cell types: fibroblasts and/or keratinocytes [92].
Skin substitute materials may be derived from porcine or other animal skin [93], human donor skin (e.g.
from patients undergoing breast or abdomen reductions) [94, 95], or from the patient being treated. To
reduce the chance of rejection, human skin is preferred, and autologous skin (i.e. skin from the patient)
is the ideal case [30].
There are currently a wide variety of commercially available skin substitutes. Most of these fall into
three categories [32, 92, 96]:
1. Allogeneic (human donor) or xenogeneic (animal) dermal substitutes: Examples include Alloderm,
Dermagraft, Integra, Transcyte and Permacol. Xenogeneic substitutes such as Permacol typically
employ porcine-derived cells as pig skin closely matches the properties of human skin [93].
2. Epidermal substitutes formed from cultured human keratinocytes: Examples include Epicel, EpiDerm,
TranCell, Laserskin and Myskin, all of which involve cultured keratinocytes grown on various
substrates.
3. Composite substitutes containing human keratinocytes and fibroblasts: Examples include Apligraf
(Organogenesis) and Orcel (Ortec), which both possess human allogeneic neonatal keratinocytes
on human allogeneic neonatal foreskin fibroblasts in bovine collagen-based materials [96], and
Permaderm (Reginicin) and MyDerm (Cell Tissue Technology), which both contain autologous
keratinocytes and fibroblasts, the first of which is combined with a degradable bovine collagen
matrix and the second of which is combined with autologous fibrin [92, 97].
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In addition to continuing improvements in the culturing conditions and cell types used in these skin
substitutes, other novel research directions currently being explored include the incorporation of
integumentary structures such as hair [38] and sweat glands [37], the use of skin substitutes as a stem
cell delivery system [98], and the development of keratinocyte suspensions that act as “spray-on skin”
(CellSpray, Clinical Cell Culture) [99].
Currently, one of the main weaknesses of commercial skin substitutes is their short shelf-life. For
example, Apligraf has a shelf-line of five days [100] and MyDerm has a shelf-life of three days [97].
A potential solution to this problem is to subculture in vitro keratinocytes in their cell line, which
may extend their shelf-life to 20-50 cell generations [84], and simply induce their differentiation and
stratification when required. However, as will be seen in the next section, this may be impractical for
patients requiring immediate medical attention, because it takes many days (and experimental steps)
for a skin substitute to be produced from undifferentiated keratinocyte cultures.
Producing reconstructed epidermis
A typical example of a skin substitute that contains reconstructed epidermis was produced by
experimental researchers at Queensland University of Technology [1, 39]. It consists of human
keratinocytes cultured on a human acellular dermis, and thus falls into the second category of skin
substitutes defined in the previous section. The keratinocytes differentiate and stratify to form a
multilayered structure that highly resembles normal epidermis 5-10 days after it is cultured, but after
this time its SC abnormally increases in thickness and its viable sublayers (SB, SS and SG) decrease
in thickness to 2-3 cell layers (Figure 1.1) [1]. Here an overview of the process required to produce
the reconstructed epidermis component of this skin substitute is provided [78], both as background
information and to illustrate that the deterioration of reconstructed epidermis after 10 days needs to be
resolved to improve the application of these skin substitutes.
First, a skin biopsy of the patient is recovered and rinsed to ensure that the biopsy is sterile. To extract
keratinocytes, the skin is cut into small pieces of 1-3 cm2 surface area. After washing the skin pieces in
various solutions, the skin pieces are placed in a medium containing dispase or trypsin. These agents
break down proteins, allowing physical separation of the epidermis from the dermis and disaggregation
of the individual keratinocytes. After removal of the dermis, the primary keratinocytes are acquired by
centrifugation.
The freshly isolated keratinocytes are expanded in a growth medium on a Petri dish precoated with a
feeder layer of lethally irradiated 3T3 cells and a collagen-derived material. Every 3-4 days the medium
is replaced, and the keratinocytes are cultured for one passage, reaching confluence after seven days.
These cultured keratinocytes are then suspended in solution within a stainless steel ring and placed on
top of pieces of acellular dermis in a culture plate [101]. The acellular dermis is prepared from skin
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samples as described by Huang et al. [95]. After three days, the rings are removed, and these composite
cultures are transferred to stainless steel meshes in a culture plate containing a growth medium that just
reaches the upper side of the acellular dermis. Thus in this experimental configuration, the keratinocytes
are cultured at an air-liquid interface [88] to induce the formation of the final reconstructed epidermis,
and according to Figure 1.1 this takes approximately five days.
From the above procedure, it takes a minimum of eight days for undifferentiated keratinocytes to
produce reconstructed epidermis (three days for suspension on the acellular dermis and five days to
produce the reconstructed epidermis). Hence, maintaining subcultures of undifferentiated keratinocytes
in vitro is not a suitable storage method for reconstructed epidermis if patients require emergency
treatment. The deterioriation of reconstructed epidermis after 10 days needs to be resolved to improve
the shelf-life of these skin substitutes. As previously mentioned, this issue motivated the second major
objective of this thesis: to identify the possible contributors to the growth and deterioration pattern of
reconstructed epidermis.
1.2.3 Epidermal calcium
Calcium is one of the most universal and versatile messengers in the body [102, 103]. It is responsible
for a variety of biological processes during birth, life and death [104], on spatial scales ranging from
the subcellular level to the organ level [105]. The potential importance of calcium as a messenger
in the epidermis was first indicated by the discovery of Hennings et al. in 1980 [90] that transferring
cultured keratinocytes from a low calcium medium (0.05-0.1 mM) to a high calcium medium (1.2 mM)
induces the keratinocytes to stratify in 1-2 days and exhibit cell sloughing in 3-4 days (both of which are
essential characteristics of in vivo epidermis). As mentioned earlier, this discovery prompted a new field
of fundamental experimental research that focused on understanding the relationship between calcium
and epidermal homeostasis. In this section, I review the development of this field, concluding with the
unresolved questions regarding the formation of the epidermal calcium profile and its relationship with
barrier function. This will provide justification for the first major objective of this thesis.
In the first few years after the discovery of calcium-induced stratification of keratinocyte cultures
by Hennings et al. [90], the subsequent research focused on providing further information about the
changes undergone by these keratinocyte cultures after the “calcium switch”. For example, it was
reported that desmosomes (cell-cell attachments) appeared as little as five minutes after the switch and
became numerous after two hours [106]; transglutaminase activity and (γ-glutamyl)lysine cross-links,
which are indicators of cornified envelope formation (a morphological feature of the SC), were increased
within 20 hours [107]; vitamin D-dependent calcium binding protein, a protein typically found in the
cytosol of basal keratinocytes, was reduced by over an order of magnitude within 24 hours due to
keratinocyte differentiation [108]; and the synthesis of plasma membrane proteins associated with
basal cells (pemphigoid antigen) and stratifying cells (pemphigus antigus) decreased by >90% and
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started being detected, respectively, within 48 hours [109]. At the time, it was suggested [109] that
these calcium-induced changes of keratinocytes may mimic the orderly differentiation process that is
responsible for the well-defined multi-layered structure of normal epidermis in vivo (Section 1.2.1),
although no direct evidence for this had yet been established.
In 1985, Menon et al. [4] published a breakthrough paper which provided experimental evidence of a
well-defined calcium distribution in normal murine epidermis that possesses changes in concentration
through each sublayer (Table 1.1). This was accomplished using an experimental technique [110] that
would thereafter be commonly known as ion capture cytochemistry [4]. This technique allows the
visualisation of calcium ions in a cross-section of the skin, at a spatial resolution that is sufficient to
distinguish whether these ions are located outside (extracellular) or inside the cell (intracellular), and
whether they are only located in specific structures inside the cell (e.g. cytoplasm, nuclei, mitochondria).
From this visualisation, the ion concentration in each epidermal sublayer and localisation can be semi-
quantitatively estimated.
Epidermal Extracellular Intracellular Intracellular
sublayer Ca2+ localisation Ca2+ localisation structures with Ca2+
SC Low Low None
SG-SC boundary High High Extruded lamellar bodies
Upper SG High High Mitochondria, lamellar bodies, cytosol
Middle SG High Sometimes high Mitochondria, lamellar bodies
Lower SG High Not listed Nuclei, mitochondria, lamellar bodies
SS Very low Very low Mitochondria
SB Low Medium Mitochondria, nuclei, cytosol
Table 1.1: The calcium distribution in normal murine epidermis observed by Menon et al. using ion
capture cytochemistry [4].
The epidermal calcium distribution found by Menon et al. [4] is provided in Table 1.1. In summary,
they found that the calcium concentration rises from low levels in the SB to a peak at the upper SG,
and drops sharply to low levels in the SC. This calcium distribution is often called the “epidermal
calcium gradient” because of the rise in calcium concentration through the viable epidermal sublayers
(SB to SG). From these results, Menon et al. inferred that the low calcium conditions in the SB are
linked to the proliferation there, and that the high calcium conditions at the upper SG is the trigger for
terminal differentiation of the keratinocytes to become the corneocytes characterising the SC. Because
the calcium ions were localised to lamellar bodies in the SG, it was also hypothesised that calcium
triggers the secretion of these lamellar bodies, which are the precursor to lipids in the SC that together
with corneocytes are responsible for the skin’s primary barrier. Together, these results suggested that
calcium plays an important role in maintaining epidermal homeostasis for the keratinocyte’s entire
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lifetime, from its generation in the SB to its terminal differentiation at the SC.
Around the same time, Malmqvist et al. [111] reported that ion concentrations in the skin could be
measured using a different method, proton-induced X-ray emission (PIXE). This method differs from
ion capture cytochemistry in that its output of ion distributions are quantitative but cannot distinguish
between different localisations (i.e. cannot distinguish intracellular vs extracellular calcium). To
illustrate this difference, an example of a calcium distribution in human epidermis found using PIXE is
shown in Figure 1.2.
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Figure 1.2: The calcium distribution in normal human epidermis observed by Behne et al. using PIXE [2].
The use of either ion capture cytochemistry or PIXE to investigate epidermal ion distributions
depends on whether information is sought about the structural localisation of these ions (ion capture
cytochemistry) or whether quantitative concentrations of these ions are required (PIXE). With two
effective experimental methods for measuring the epidermal calcium distribution available at the time
of Menon et al.’s findings (1985) [4], the following experimental research focused on the relationship
between the epidermal calcium gradient and epidermal homeostasis in vivo.
In 1991, Menon and Elias used ion capture cytochemistry to investigate the difference in the calcium
gradient between normal human epidermis and psoriatic epidermis [5]. Psoriasis is a skin disorder
characterised by keratinocyte hyperproliferation, and is clinically expressed at the skin surface by the
presence of red plaques covered by white or silvery scales [112]. Menon and Elias [5] found that the SB of
psoriatic skin contained less extracellular calcium than normal skin, and that there was abnormally high
calcium levels in the other epidermal sublayers. The decreased level of extracellular calcium in psoriatic
SB is consistent with its potential role as a promoter of hyperproliferation there, and its abnormal
calcium distribution in psoriatic epidermis is unsurprising given the abnormal epidermal structures
that form in psoriatic lesions.
In the same year, Bunse et al. used PIXE to find that calcium concentrations were increased in the
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epidermis of elderly people [113]. Because high calcium is associated with keratinocyte differentiation
rather than proliferation, this may be responsible for the reduced thickness of aged skin [40].
The response of the epidermis to wounding was investigated using ion capture cytochemistry by Menon
et al. in 1992, by perturbation of the SC barrier in murine epidermis in vivo using two different methods:
acetone treatment and tape stripping [21]. Both methods of barrier disruption caused an immediate
depletion of intracellular and extracellular calcium in the upper epidermis, and gradual restoration
of the epidermal calcium gradient as the barrier recovered over 24 hours. This result, which was later
reproduced by Mauro et al. for the acetone treatment and using PIXE to measure the calcium gradient [3],
demonstrated that the epidermal calcium gradient is an indicator of barrier status.
Two years later, Menon et al. found that selective modification of the epidermal calcium gradient,
without disturbing the SC barrier, could be used to induce lamellar body secretion which is an early
barrier repair response [114]. They achieved this by using sonophoresis, which is the exposure of the
skin to ultrasonic waves at specific frequencies that enhances compound transport through the ECF of
the epidermis [115]. Sonophoresis at 15 MHz displaced the calcium in the upper epidermis downwards
towards the SB and dermis, which in turn accelerated lamellar body secretion without any disruption
of the barrier [114]. This shows that the reduction in calcium that occurs in the upper epidermis after
wounding is an important signal during barrier repair.
The results described above suggest that calcium’s role in the barrier repair process is as follows. First,
perturbation of the barrier causes increased water flux across the SC and therefore a loss of calcium
in the upper epidermis. This in turn induces lamellar body secretion in order to temporarily restore
the skin’s barrier function. Finally, a feedback process between the reestablishment of both the SC and
the calcium gradient regulates the repair of the epidermis back to its unwounded state. This process
was further clarified by a series of experiments that used vapour-permeable and vapour-impermeable
membranes to investigate the importance of water flux during barrier repair. These experiments are
discussed next.
In 1994, Menon et al. occluded (i.e. covered) acetone-disrupted mouse epidermis in vivo with either
vapour-permeable or vapour-impermeable membranes [116]. They found that occlusion using a water
vapour-impermeable membrane blocked the return of the epidermal calcium gradient, whilst occlusion
with a vapour-permeable membrane allowed considerable return of the epidermal calcium gradient and
barrier recovery. Five years later, Ahn et al. compared tape-stripped mouse epidermis in vivo that was
either exposed to air or occluded with a vapour-impermeable membrane [117]. They found that the air-
exposed epidermis recovered to a normalised SC and calcium gradient after 24 hours, whilst occluded
epidermis required 60 hours to achieve the same restoration. Both of these experiments indicate that
some water flux across the recovering SC is necessary to facilitate a normal process of epidermal barrier
recovery.
A major breakthrough came in 2002 when Elias et al. reported the results of a series of experiments
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which together supported the conclusion that the epidermal calcium gradient forms solely in response
to the presence of the SC barrier and its water flux properties [118]. Their experiments, which were all
performed on tape-stripped mice, demonstrated the following: (1) The return of the calcium gradient
and barrier function occurs quickly when occluded by a vapour-permeable membrane but it is inhibited
by a vapour-impermeable membrane (in agreement with [116,117]). (2) Lovastatin treatment, known to
induce defective barrier function [119], inhibits calcium gradient return. (3) For mice exposed to external
cold temperatures (4◦C), an environment known to delay barrier recovery [120], substantial calcium
returns to the epidermis but does not form a typical calcium gradient. (4) Occlusion of cold-exposed
mouse skin with a vapour-permeable membrane yields better restoration of the calcium gradient than
non-occluded skin.
The fourth result of Elias et al. [118] suggests that the presence of a partially water-permeable barrier
is important for the formation of the epidermal calcium gradient. In this way, the SC may act like
a sieve, selectively allowing water but not calcium to leave the viable epidermis [51], yielding a
gradual accumulation of calcium in the upper viable sublayers, which is the defining characteristic
of the epidermal calcium gradient (Figure 1.2). Hence, Elias et al. concluded that the formation of the
epidermal calcium gradient is passively regulated by the presence of the SC barrier [118].
However, as shown in Table 1.1, epidermal calcium is present in multiple localisations: the ECF, the
intracellular cytosol, and intracellular structures. If the epidermal calcium gradient forms passively
in response to the sieve-like properties of the SC barrier, this implies that calcium either (1) can move
relatively freely between intracellular and extracellular localisations in the viable sublayers or (2) is
localised mostly in the ECF. In the following it is shown that neither of these two explanations is
correct, based on experimental research reported within the 15 years, which will bring into question
the hypothesis that the epidermal calcium gradient forms solely in response to passive regulation by the
SC barrier.
First, it is unlikely that the calcium can move freely between intracellular and extracellular localisations,
as calcium concentrations in the ECF [121] and intracellular organelles [122] are typically several orders
of magnitude higher than in the cytosol. These concentration differences are maintained by calcium
pumps, present on membranes of the keratinocytes and their intracellular structures, which actively
remove calcium from the cytosol [123]. Recently the skin disorders Darier disease and Hailey-Hailey
disease were both reported to be caused by mutations in these calcium pumps [124, 125] and for these
diseases the epidermal calcium gradient is modified from its normal form [2,22]. These results together
show that there is regulation of epidermal calcium transport between its different localisations, and that
this regulation is important for the normal formation of the epidermal calcium gradient.
Second, epidermal calcium is unlikely to be localised mostly in the ECF, as Celli et al. reported in
2010 that the bulk of free calcium measured in the epidermis is localised to intracellular structures
such as the Golgi apparatus and endoplasmic reticulum [51]. To achieve this result, they used a
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new analysis technique known as the phasor approach to fluorescence lifetime imaging [126] which
uncovers different information about the epidermal calcium gradient compared to PIXE or ion capture
cytochemistry. In particular, the phasor approach allows the visualisation of free calcium ions (i.e.
calcium that is not chemically bound to other compounds) in a cross-section of the skin as well as
the quantitative measurement of the concentration of this calcium. Although this technique does
not measure all epidermal calcium (free plus bound), Celli et al. proposed that the ECF should not
contribute significantly to the total epidermal calcium gradient regardless because it occupies only 2-7%
of the total epidermal volume [51].
In 2011, Behne et al. used the phasor approach to show that barrier disruption causes the intracellular
structures of keratinocytes to mobilise their free calcium stores [52]. This suggests that the exchange of
epidermal calcium between its various localisations is actively regulated, both in unwounded epidermis
to produce the normal calcium gradient and in wounded epidermis to cause the loss of the calcium
gradient which then signals barrier repair processes. In light of these considerations, the first step
to understanding the relationship between the epidermal calcium profile formation and the barrier
function is to identify the processes governing the calcium profile when the barrier has not been
disrupted. This motivated the first major objective of this thesis: to determine the key mechanisms that
regulate the calcium profile in unwounded normal epidermis.
1.2.4 Epidermal tight junctions
Tight junctions (TJs) are adhesions between epithelial cells that create an extracellular diffusion barrier
to the movement of water and solutes [127]. They consist of a set of continuous particle strands or
fibrils that are characterised by several transmembrane proteins including occludin, claudin-1, claudin-
4 and junctional adhesion molecule, and cytosolic proteins including zonula occludens-1 [128]. The
barrier that TJs provide is highly size- and charge-selective, and their resistance can vary by 100,000-
fold between different epithelial tissues [129]. Since 1976, the very existence of TJs in the epidermis was
questioned for several decades [130, 131]. The importance of TJs in epidermal barrier function finally
became apparent in 2002 when Furuse et al. [132] reported that mice deficient in claudin-1, a protein
functionally involved in TJ barrier formation [133], died within one day of birth due to severe loss of
water across their skin. Since then, both the presence of TJs in the epidermis and their importance in
barrier function has been confirmed [45]. Most recently, there has been accumulating evidence that
epidermal TJs contribute to the regulation of the extracellular calcium gradient [27,28], and thus TJs are
an important mechanism to be investigated for the first major objective of this thesis. In this section, I
briefly review the rapid development in the understanding of epidermal TJs that has occurred since the
pioneering discovery by Furuse et al. in 2002. This section will demonstrate that TJs are highly relevant
to both of the major objectives of the thesis.
In 2002, Brandner et al. reported the presence of several TJ proteins and TJ-like structures in normal
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epidermis, keratinocyte cultures and reconstructed epidermis [44]. In normal epidermis, they observed
TJ-like structures (“kissing points”) and the TJ protein occludin exclusively in the SG, whilst the TJ
protein claudin-1 was expressed in all epidermal sublayers. In cultured keratinocytes grown in low
calcium medium, occludin and claudin-1 were detected heterogeneously at the plasma membranes of
only the most differentiated keratinocytes. Following a switch to high calcium medium, which induces
the formation of reconstructed epidermis (see Section 1.2.2), the number of keratinocytes expressing
claudin-1 and occludin increased within two days. Similarly to normal epidermis, in the reconstructed
epidermis claudin-1 was found in all sublayers and occludin was localised in the developing SG. These
latter findings for reconstructed epidermis were also reproduced five years later by Yuki et al. [134].
Together, these results suggest that TJs are present in the SG of normal and reconstructed epidermis and
that they form during the keratinocyte differentiation that occurs in this sublayer.
In 2005, Tunggal et al. investigated the role of the signalling molecule E-cadherin in the regulation of
epidermal TJs [135]. They found that mice born without E-cadherin possessed a modified epidermal
distribution of TJ proteins and died within 7-12 hours of birth due to fluid loss. Their results suggest
that E-cadherin is an important signal for the proper formation of the epidermal TJ barrier.
The distribution of TJ proteins in psoriatic epidermis was reported by Peltonen et al. in 2007 [136].
Interestingly, the TJ protein occludin possessed a broader distribution in psoriatic lesions (SS and SG)
than in healthy epidermis (SG alone). This suggests that the TJ barrier in psoriatic epidermis may in fact
be broader than in normal epidermis.
In 2010, Kirschner et al. demonstrated the TJ barrier function of human epidermis, by comparing
the diffusion of a dermally-injected tracer through normal and psoriatic epidermis in vitro [45]. The
major difficulty with demonstrating the barrier function of epidermal TJs is that their localisation
in the SG coincides with the secretion of lamellar bodies that are later biochemically converted to
lipids that contribute to the SC barrier [19]. This means that it is hard to experimentally show the
individual contributions of TJs and lipids to epidermal barrier function. This difficulty was overcome
by performing experiments with psoriatic epidermis, for which the TJ barrier may extend into the
underlying SS as previously mentioned [136]. Kirschner et al. [45] reported that the dermally-injected
tracer biotin-SH (557 Da) stopped in healthy epidermis at sites where occludin and claudin-1 were
co-located in the SG, and this tracer stopped in psoriatic epidermis at sites where occludin and claudin-1
were co-located in the upper SS. These results indicate that TJs constitute a barrier to solute transport in
the epidermis.
Around the same time, Niessen and colleagues reviewed the current understanding of TJs in the
epidermis, both from the perspective of its regulation by cadherins (including the previously discussed
signalling molecule E-cadherin) [137] and its contribution to barrier function relative to other
extracellular junctions [138]. In both publications they raised a yet unanswered question regarding the
epidermal TJ barrier: why is it only located in the SG? In reference [138], Niessen and colleagues stated
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this question and its possible solution as follows:
“The mechanisms that restrict the assembly of a TJ structure to the uppermost living layers
of stratifying epithelia are unclear. Since many TJ components are expressed throughout
the epidermal layers, it is possible that a local signal in the SG triggers TJ formation. We
speculate that the presence of a competent [SC] layer may provide this signal, similar to other
epithelia which secrete and are polarized by an apical matrix (e.g., such as follicular epithelia
in flies that secrete an apical cuticle). Alternatively, TJ formation in the lower epidermal
layers may be actively inhibited by the presence of an overlying viable cell layer. Either
mechanism suggests that the restriction of TJ to the most superficial living layer in stratifying
epidermis or apical region of simple epithelia may be conserved. Indeed, our data discussed
here and elsewhere support this argument: E-cadherin is required for TJ formation in both
simple and stratifying epithelia” [138].
This hypothesis informed the modelling undertaken in this thesis of the growth and deterioration
pattern of reconstructed epidermis (the second major objective of the thesis). In particular, in Chapters 4
and 5 it will be assumed that TJs form in reconstructed epidermis in response to a local signal from the
SC that possesses physical characteristics similar to the signalling molecule E-cadherin.
In 2011, Kurasawa et al. reported that epidermal TJs contribute to the regulation of the calcium
gradient [27]. To achieve this, they disrupted the TJ barrier in reconstructed epidermis using sodium
caprate and observed the changes in its calcium distribution using ion capture cytochemistry. The
TJ-disrupted reconstructed epidermis lost its distinct calcium distribution, and instead possessed
significant intracellular and extracellular calcium levels in all epidermal sublayers including the
SC. It also possessed erratic changes in its keratinocyte differentiation pattern, attributed to spatial
inhomogeneities in the calcium distribution caused by disruption of the TJ barrier. Whilst the results of
Kurasawa et al. [27] indicate that the epidermal TJ barrier affects keratinocyte differentiation through
its influence on both the intracellular and extracellular calcium profiles, a year later Kirschner et al.
questioned the specificity of these findings based on their use of sodium caprate to disrupt the TJ
barrier [139]. In particular, sodium caprate can alter the intracellular calcium concentration without
direct involvement of TJs [140] as well as influence several other cellular processes via separate
signalling pathways [139]. Because of this controversy, the role of TJs in regulating the epidermal
calcium gradient was not yet confirmed.
In 2013, Kirschner et al. reported the function of TJs in reconstructed epidermis as an extracellular
barrier to calcium, sodium and chloride ions and three molecular tracers [28]. They measured
the transepithelial, paracellular and transcellular resistance of the TJ barrier and its paracellular
permeability to these ions and tracers, for the first few days after the formation of reconstructed
epidermis from undifferentiated human keratinocyte cultures (by switching to high calcium medium,
see Section 1.2.2). Transepithelial resistance (TER) is a quantity which is inversely related to TJ barrier
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permeability [141], and represents the summation of paracellular resistance (resistance to motion of ions
through the ECF) and transcellular resistance (resistance to motion of ions through the cells). Kirschner
et al. found significant increases in TER and significant decreases in the paracellular permeability of
all ions and tracers in the first 48 hours after the calcium switch [28]. The increase in paracellular
resistance was far more pronounced than the increase in transcellular resistance, which is consistent
with the proposed primary role of TJs to directly regulate the motion of solutes through the ECF. These
results together confirm that TJs act as an extracellular diffusion barrier to calcium in the epidermis.
Hence, as part of the first major objective of this thesis, the role of TJs in regulating the calcium profile
in unwounded normal epidermis was investigated, by assuming that they reduce the diffusion of
extracellular calcium in the SG.
1.3 Literature Review: Mathematical Modelling
Over the past century, mathematical modelling has been used to investigate a plethora of different
biological systems [142,143]. In the context of this thesis, biological experiments have yielded significant
insights into the regulatory mechanisms present in the epidermis (see Sections 1.2.1-1.2.4). Mathematical
models provide a complementary tool to systematically integrate these insights together to extend our
knowledge of these mechanisms [46].
Mathematical modelling of in vivo epidermis, in vitro keratinocyte cultures and reconstructed epidermis,
together hereafter referred to as epidermal structures, has progressed significantly over the last two
decades. These models generally fall into three categories:
1. Continuum models consider biological tissue at significantly large length-scales so that individual
cells are indistinguishable. These models are typically built from partial differential equations
(PDEs) and/or ordinary differential equations (ODEs) for the tissue properties of interest [144].
2. Agent-based models consider cells as separate agents and assign rules to govern their individual
motion [145]. Individual cells may be strictly located at one or multiple adjacent spatial points on
a fixed grid (cellular automata) [146] or their motion may be determined without the use of such a
grid (off-lattice models) [147].
3. Hybrid models consider cells in the same way as agent-based models, but also incorporate
regulatory mechanisms at the subcellular and/or continuum levels (e.g. [48]).
In the following, agent-based, hybrid and continuum models of epidermal structure are reviewed. I
argue that a particular type of continuum models - multiphase models - provide a suitable strategy for
accomplishing the two major objectives of this thesis. Multiphase models have been extensively used
recently to investigate the growth of engineered tissues [53]. As such, this section concludes with a
review of these multiphase models.
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1.3.1 Agent-based and hybrid models of epidermal structures
The development of agent-based (and later hybrid) models of epidermal structures has, for the most
part, been motivated by a desire to simulate epidermal homeostasis. One of the earliest agent-based
models of epidermal structure was reported by Stekel et al. in 1995 [148]. This off-lattice model
represented a 2D cross-section of in vivo epidermis, growing on a static undulating BM, and consisted
of five different keratinocyte types (stem, basal, intermediate, mature and dead). The motion,
proliferation and differentiation of these keratinocytes was determined by empirical rules for their
type, age, distance from neighbouring cells, type of neighbouring cells, and the local concentration
of hypothesised chemicals produced by stem and basal cells and the underlying dermis. This model
was able to produce a steady state architecture similar to normal epidermis [148], with the lineage of
keratinocytes above each stem cell showing good agreement with experimental data [149]. A year later,
the model of Stekel et al. was extended to show that small changes in the model rules produce modified
epidermal structures that can potentially be compared to the histopathology of several epidermal
disease states [150].
In 2004, Walker et al. reported a 2D off-lattice model of epithelial monolayer growth to simulate the in
vitro behaviour of urothelial cell cultures grown in low and physiological calcium concentrations [151]
and the response of these cultures to wounding using a scratch assay [152]. Their model assumed
that the calcium concentration of the growth medium positively controlled the probability that two
neighbouring cells bond, which in turn determines whether cells remain in the cell cycle (bonded to less
than four neighbours) or withdraw from the cell cycle and become quiescent due to contact inhibition
(bonded to four or more neighbours). Because of this, the model predicted that urothelial cell cultures
grown in low calcium formed fewer bonds and possessed fewer quiescent cells than the cultures grown
in physiological calcium, which expressed significant contact inhibition and quiescence within the first
50 hours of simulation time [151]. (This behaviour changed at later simulation times due to model rules
related to cell spreading.) In response to wounding with a scratch assay, the urothelial cultures grown
in low calcium healed more quickly, as individual cells migrated freely into the denuded area, whilst
cultures grown in physiological calcium healed more slowly, as a well-defined wound edge moving
as a contiguous sheet that expressed a higher level of quiescence [152]. Their simulations compared
favourably with their experimental data for these in vitro urothelial cell cultures [151,152]. These results
mirror the experimental findings that (1) keratinocytes in vitro stratify and differentiate in response to a
change in calcium medium from low to physiological concentrations [90] and (2) reduced calcium in the
upper epidermis in vivo is the signal for proper barrier repair [21].
A year later, Grabe and Neuber published an off-lattice 2D cross-sectional model of in vivo epidermis
growing on a static undulating BM [50]. This model improves over the model of Stekel et al. [148]
because it predicts a flat skin surface despite the undulating BM, and it predicts an epidermal calcium
gradient that is similar to experimental observations of this gradient [50]. Grabe and Neuber also
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simulated wounding by disabling lipid secretion, and this caused the model to predict a perturbed
calcium gradient. In their model, calcium is accumulated by cells within a certain distance of the
BM, is transported preferentially upwards towards the skin surface between neighbouring cells, and
is lost by cells at the skin surface. Whilst these empirical rules produce the characteristic epidermal
calcium gradient by design, they do not explain the underlying mechanisms controlling this gradient.
In addition, mass conservation of calcium is not explicitly conserved. These issues will be addressed by
the first major objective of this thesis.
In 2006, Walker et al. extended their 2D off-lattice model of epithelial monolayer growth in two different
ways: the hybridisation of their model with epidermal growth factor receptor (EGFR) signalling at the
continuum level [153], and the 3D simulation of in vitro keratinocyte and HaCat cell cultures grown in
low and physiological calcium concentrations [154]. (The HaCat culture simulations are not discussed
here for brevity.) Model hybridisation with EGFR signalling was accomplished by defining ODEs acting
at each individual cell that model ligand-receptor binding and trafficking, and using the 3D diffusion
equation to model ligand signalling throughout the simulated epithelium [153].
To simulate 3D keratinocyte cultures, Walker et al. introduced two major adaptations to their 2004
model [151, 152]: inclusion of calcium-dependent differentiation and inclusion of calcium-dependent
stratification [154]. Calcium-dependent differentiation was modelled by a rule which saw keratinocytes
accumulate the cytoplasmic protein involucrin at a rate proportional to the environmental calcium
concentration and differentiate once a threshold level of involucrin was reached. Calcium-dependent
stratification was modelled by a rule which permitted cells to move upwards when sufficiently
compressed by neighbouring cells, and this motion was mediated by the environmental calcium
concentration. Analogously to their results for the simulation of urothelial cell cultures [151],
Walker et al. found that simulated keratinocyte cultures grew as monolayers with low differentiation
in low calcium conditions, and these cells differentiated and stratified in physiological calcium
concentrations [154], both in agreement with experimental observations [90].
In 2007, Grabe and Neuber showed that the modification of a single parameter in their 2005 off-lattice
model of in vivo epidermis [50] yields epidermal morphology that is consistent with the skin condition
psoriasis [155]. In particular, they found that increasing the fractional time period during which TA
cells proliferate resulted in the four qualitative features of psoriatic epidermal morphology: (1) an
increase in the number of proliferating cells, (2) an increase in the number of differentiating cells, (3) a
higher proportion of proliferating cells compared to differentiating cells, and (4) a decreased epidermal
turnover time. Their results suggest that TA cells should be further investigated for their role is psoriasis.
A year later, Maheswaran et al. reported a 2D cross-sectional cellular automata model of in vivo
epidermis growing on a flat BM, in which keratinocytes can occupy multiple connected points on a
fixed square grid [156]. They investigated the hypothesis that differences in cell-cell adhesion between
different cell types, commonly known as the differential adhesion hypothesis [157], could yield the
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ordered structure of the epidermis. Masheswaran et al. implemented this hypothesis according to the
Glazier-Graner model of cell sorting [158]. Cell proliferation and differentiation rules were deterministic
and independent of environmental drivers: stem cells indefinitely and regularly produced TA cells,
TA cells divided a certain number of times before differentiating to intermediate cells, and further
differentiation to mature and dead cells was determined by cell age. Maheswaran et al. showed that
differential adhesion between the different epidermal cell types (stem, TA, intermediate, mature and
dead) satisfying four specific inequalities promoted an ordered epidermal structure, while the lack of
differential adhesion or a reversal of these four inequalities yielded a disordered structure. Although
most of the previous agent-based models of epidermal structure included some form of differential
adhesion amongst multiple other rules, the model of Maheswaran et al. showed that epidermal structure
can be produced solely by differential adhesion and deterministic rules for keratinocyte proliferation
and differentiation [156].
Around the same time, Sun et al. extended the 3D off-lattice keratinocyte and HaCat culture model
of Walker et al. [154] to investigate the relative importance of different biological rules for the self-
organisation of these cultures into colonies [159]. Instead of assuming one calcium-based rule for
cell differentiation [154], they investigated the relative importance of several rules: contact inhibition,
presence of signals such as ceramide, the Fas ligand and elevated extracellular calcium, the absence of
protective signals, simultaneous signals of growth and differentiation, the loss of cell-matrix and/or cell-
cell contacts, and remaining in a quiescent state for a sufficient time period [159]. Sun et al. found that
cell-cell and cell-substrate adhesions were of particular importance to the keratinocyte colony formation
in vitro [159], which qualitatively agrees with the finding by Maheswaran et al. that differential adhesion
is sufficient to produce an ordered epidermal structure [156].
Schaller et al. reported a 3D hybrid off-lattice model of in vivo epidermis growing on a flat BM, where
a chemical (assumed to be mobile water) diffusing from the BM controls the cell cycle time of the
keratinocytes [160]. The diffusion of this chemical at the continuum level was reduced in the SC, in
accordance with the barrier properties of this sublayer. Their model demonstrated that SC disturbance
caused the loss of mobile water across the skin surface, and the reduction in this water signalled greater
proliferation and led to repair of the barrier towards a steady state epidermal structure that was similar
to its structure prior to disturbance. Hence, in the model of Schaller et al., the mobile water controls
epidermal homeostasis with its spatial distribution passively regulated by the SC. This role of mobile
water in their model could be representative of the proposed role of epidermal calcium (present in this
water) in controlling barrier homeostasis [21] as the spatial distribution of calcium is also passively
regulated by the SC [118].
In 2008-2010, Sun et al. extended their 3D off-lattice model [159] in two different directions: the
simulation of keratinocytes and fibroblasts in vitro to investigate how their interaction influences
keratinocyte colony formation [161], and the creation of a 3D hybrid model of in vivo epidermis
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growing on a flat BM that investigates the actions of transforming growth factor beta 1 (TGF-β1) on
epidermal wound healing [47, 48]. The modelling of keratinocyte and fibroblast co-cultures harks back
to Rheinwald and Green’s breakthrough in cultivating keratinocytes in vitro in 1975, because at that time
the main difficulty in successfully producing these co-cultures was that the fibroblasts easily overgrow
the keratinocyte colonies [84]. The keratinocyte and fibroblast co-culture model of Sun et al. predicted
that the ratio of fibroblasts to keratinocytes would critically influence keratinocyte colony formation
and that this ratio would need to be optimal at the start of co-culturing; these predictions were then
confirmed by in vitro experiments [161]. The hybrid 3D model of Sun et al. incorporated mechanisms on
the subcellular level (expression and signalling of TGF-β1), the cellular level (agent-based rules), and
multicellular level (numerical solution to simultaneously resolve the balance of forces exerted between
all cells) [48], and identified a sequence of spatial and temporal actions of TGF-β1 that could coordinate
wound repair [47]. TGF-β1 is a potential alternative to calcium for investigation as a key epidermal
regulator, but its role in re-epithelialisation is not as clear [47, and references within].
In 2010, Christley et al. reported a 3D off-lattice model of in vivo epidermis grown on a flat BM based
on graphical processing unit (GPU) algorithms for increased computational speed [162]. Each cell in
the model of Christley et al. incorporated an internal gene network, which used intracellular Notch
signalling together with environmental interaction with the BM to determine the agent-level behaviours
of growth and proliferation. Like TGF-β1, Notch signalling is a potential key regulator of epidermal
homeostasis because it is known to trigger growth arrest and differentiation [163], although its roles in
the coordination of suprabasal differentiation and stratification are contradictory thus far [164].
In 2013, Li et al. used a 3D hybrid off-lattice model of in vivo epidermis growing on a flat BM to
investigate the competing theories of keratinocyte proliferation (see Section 1.2.1) and the implications
of these theories on long-term keratinocyte lineage in epidermal structure [165]. Three different division
scenarios were investigated - deterministic stem/TA theory, single stochastic progenitor theory, and
stochastic stem/TA theory - and the proportions of cells that were descendants of each of the progenitors
or stem cells in the epidermal structure after 3 years of simulated time, were compared. Li et al.
found that keratinocyte lineages from both stem/TA theories were preserved, whilst the vast majority
of lineages from the stochastic progenitor population were lost. Their results provide support for the
stem/TA theories over the single stochastic progenitor theory.
In the same year, Safferling et al. produced a 2D cross-sectional off-lattice model of in vitro epidermis
to complement their experiments for the wound healing of a composite skin substitute [166]. They
demonstrated with both their experiments and model that the keratinocytes migrating to heal the
wound act as a “shield” that completely covers the wound bed during healing. Their novel findings
suggest that epidermal wound closure may involve a higher level of tissue control than simply finding
the appropriate balance of cell proliferation and migration responses at the cellular level.
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1.3.2 Continuum models of epidermal structures
Continuum models describe the cell properties in terms of locally averaged quantities (e.g. cell density),
and thus approximate the behaviour of cells at the spatial scale of biological tissue. Because of
this approximation, continuum models have significantly reduced computational cost compared to
agent-based models. The techniques for mathematical analysis of continuum models are also better
developed than for agent-based models [167]. However, continuum models are only valid when
there is a sufficiently large number of cells present so that the individual properties of the cells can be
appropriately averaged. It has been recently suggested that continuum models can be predictive for
epithelial monolayers containing as few as five cells [167]. In this thesis, we will focus on the viable
epidermis in the spatial direction perpendicular to the skin surface; the viable epidermis possesses 5-12
cell layers in humans [55] and 4-6 cell layers in mice [70,168], each layer itself consisting of vast numbers
of cells. Hence, modelling the epidermis as a continuum appears to be quite reasonable, and in fact this
approach has been used previously to investigate the epidermal calcium profile formation [49]. In this
section, the application of continuum models to epidermal structures is reviewed.
One type of continuum models investigates wound healing and treats the epidermis as a two-
dimensional flat sheet, using the assumption that the epidermis is thin compared to the size of the
wound [169]. In these models, each spatial point on the two-dimensional skin possesses a keratinocyte
density whose maximum is reached only at spatial points where the wound has completely healed.
This approach began with the work of Sherratt and Murray in the early 1990s, who demonstrated
that a continuum model built from 2D conservation equations for both the keratinocyte density
and a theoretical activator or inhibitor chemical could explain experimental observations of the
reepithelialisation of a circular wound [170–172]. Since then, the focus of this research has expanded
to consider both dermal [173, 174] and simultaneous dermal and epidermal responses to wounding
(e.g. [175]). However, these models do not take into account the multilayered structure of the epidermis,
which is of central importance to this thesis.
Another branch of continuum models investigates the penetration of compounds through the skin,
and they vary tremendously in their complexity [176]. The simplest of these models are based on
Fick’s law for passive diffusion across the SC. Some of these models consider solute permeation across
the viable sublayers of the epidermis, and in these regions the permeation is also assumed to follow
Fickian diffusion [177, 178]. The most complex permeation models take into account the explicit shape
of the corneocytes, their internal keratin filaments and the surrounding lipid bilayers (e.g. [179]), but
compound permeation through the viable sublayers has not yet been modelled with a similar molecular
approach [180]. In this thesis, the diffusion of calcium through the viable sublayers will be modelled
using Fick’s law, and the diffusion of this calcium through the SC barrier will be assumed to be negligible
due to the low levels of calcium observed there (Table 1.1).
The population structure of the epidermis has been investigated in a number of continuum models.
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Savill derived analytic equations that describe how the parameters for stem cell and TA cell proliferation
in the SB relate to each other when the epidermis is at equilibrium [181]. Gandolfi et al. developed a
theoretical age and space structure model of epidermis growth in the suprabasal region, and for this
model they identified stationary [182] and time-dependent solutions [183]. Most recently, Zhdanov and
Cho used an ODE model to investigate the possibility that the rates of keratinocyte proliferation and
differentiation are interconnected in feedback loops that promote epidermal homeostasis. These models
are largely theoretical, and verification of their predictions is difficult [181], especially because of the
current debate in the experimental literature about the conflicting theories of keratinocyte proliferation
in the SB [62, 63].
Cornelissen et al. has reported a continuum model of the epidermal calcium gradient formation [49].
They considered the epidermis in one spatial dimension perpendicular to the skin surface, and
demonstrated that the calcium profile in normal and wounded epidermis can be obtained from steady
states of a two equation system consisting of a PDE for free calcium and an ODE for bound calcium.
In their model, free calcium diffused through the epidermis, was convected both due to mobile water
motion towards the skin surface and electrophoresis, and was exchanged conservatively with the
bound calcium. However, the bound calcium was assumed to be stationary, which disagrees with the
constant migration of keratinocytes towards the skin surface, unless this bound calcium is localised
strictly to the ECF and is unaffected by the cell migration. Cornelissen et al. assumed that the number
of sites available for calcium binding increased as a cubic function towards the skin surface, and this
assumption is largely responsible for the model prediction of the calcium gradient. However, this
cubic function is based on calcium profile data [3] rather than binding site data. Because keratinocyte
membrane pumps are known to maintain significantly higher levels of calcium in the ECF [121] and
intracellular organelles [122] than in the cytosol, in this thesis the localisation of calcium to separate
intracellular and extracellular compartments will be considered, rather than its localisation to separate
free and bound compartments.
Two other novel continuum models are also worthy of mention here. (1) The potential role of kallikreins
(enzymes present in the SC that promote corneocyte sloughing) in contributing to inflammation
outbreaks in patients with atopic dermatitis has been recently modelled by Tanaka et al. Their ODE
model of the kallikrein activation system indicated that a state of persistent inflammation was more
easily achieved in atopic dermatitis patients compared to healthy patients [184]. This model was
also extended, using two additional ODEs describing the interaction between external stimuli and
epidermal barrier status, to consider the long-term response of the skin barrier to inflammation [185].
(2) Waugh and Sherratt modelled the addition of skin substitutes to normal and diabetic dermal
wounds [186]. The application of skin substitutes to the wound bed was modelled as an instantaneous
addition of fibroblasts, TGF-β, collagen, hyaluronan and platelet-derived growth factor. Their model
was non-spatial and consisted of seven ODEs for inflammatory macrophages, repair macrophages and
the five skin substitute compounds. Although this model did not contain an epidermal component, it is
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worth mentioning because of its relevance as background literature for the modelling of reconstructed
epidermis undertaken for the second major objective of this thesis.
1.3.3 Multiphase models of engineered tissues
One branch of continuum modelling that has not yet been applied to epidermal structures is multiphase
modelling. In this approach, the biological tissue is considered to consist of multiple spatially co-existing
phases. The simplest multiphase models of tissue consider two phases: cells and the surrounding
ECF. In this configuration, multiphase modelling is sometimes referred to as a porous medium
approach (e.g. [187, 188]) because the cells and fluid are considered analogous to soil particles and
water. For the first major objective of this thesis, we seek to identify the mechanisms that regulate the
epidermal calcium profile, and based on the experimental literature (Section 1.2.3) the partitioning of
this calcium into intracellular and extracellular distributions plays an important role in the formation
of this spatial profile. This lends itself to the multiphase approach, as we can define equations that
describe the cells and ECF, and the calcium contained within each of these localisations (intracellular
and extracellular, respectively). For the second major objective of this thesis, we seek to identify the
mechanisms that cause the growth and deterioriation of reconstructed epidermis, and multiphase
models have been successfully used over the past decade to model the growth patterns of many other
engineered tissues [53]. Hence, in this thesis the normal and reconstructed epidermis are investigated
with multiphase models. To provide the background for this approach, this section reviews the recent
usage of multiphase models to investigate the growth of engineered tissues.
In 1999, Galban and Locke used a multiphase model with two phases (cells and fluid) to characterise
the growth of chondrocytes (cartilage cells) in a 3D polymer scaffold immersed in a static nutrient-
containing medium [189, 190]. The production of engineered cartilage tissues was motivated by the
notorious incapacity of cartilage to self-repair in vivo [191]. In the model of Galban and Locke, the
scaffold was assumed to possess negligible volume (and so did not possess its own phase), cells were
uniformly seeded throughout the scaffold, and their growth patterns according to a number of different
kinetic functions were investigated and compared against experimental data. Their results indicated
that diffusion of nutrients is not the only factor limiting cell growth when the thickness of the scaffold
is changed, and this conclusion was independent of whether the nutrient concentration and cell density
varies spatially within the scaffold [190] or not [189].
Chung et al. extended this work by considering the effect of cell motility on the growth of chondrocytes
in a 3D polymer scaffold in static culture [187]. They modelled random cellular motion within the
scaffold via a diffusion term in the mass-balance equation for the chondrocytes, and their results showed
that this motion spreads cells more uniformly, which lessens local competition for nutrients and thus
promotes cell growth. They also showed that uniform seeding is likely to be a better strategy than
concentrated seeding because the latter would increase competition for nutrients around a local area.
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A major drawback of engineered tissues grown on 3D scaffolds in static culture is the potential for
nutrient limitation in the centre of the scaffold. This has motivated the use of perfusion bioreactors,
which are vessels in which there is continuous unidirectional flow of nutrient-containing medium. For
cell-seeded scaffolds incubated in a perfusion bioreactor, the medium flows directly through the pores
of the scaffold, and this flow increases the availability of nutrients for the growing cells. This prompted
Coletti et al. to present a multiphase model of cells growing in a 3D scaffold within a perfusion bioreactor,
and their simulations were parameterised for the growth of immortalised rat myoblast cells growing in
collagen [192]. Their model consisted of two phases: the solid scaffold and the fluid medium, with
the porosity of the scaffold being reduced by the presence of immobile cells that are growing in the
fluid phase. They demonstrated that total perfusion (all medium flowing through the scaffold) leads
eventually to cell growth confined to the section of the scaffold where nutrient is entering, and partial
perfusion (significant nutrient flow around the scaffold rather than through it) yields less cell growth
than total perfusion.
Around the same time, Chung et al. also considered the influence of perfusion on cell growth, for
engineered tissues consisting of bovine chondrocytes seeded in a 3D scaffold [193]. They showed
that cell yield asymptotically approaches a maximum and shear stress on the cells increases as the
perfusion rate increases, but that the induced shear stresses are not large enough to cause necrosis of
the chondrocytes. This model was later simplified so that the pure fluid phases present at the front
and back of the scaffold in the bioreactor were not explicitly simulated, and this simplification was
shown to be appropriate if hydrodynamic aspects such as pressure and viscous stress do not need to be
calculated [194].
In 2006, Lemon et al. outlined a general mathematical framework for the multiphase modelling of
engineered tissues [195] that was subsequently used by many authors to approach specific problems
of this tissue growth. In 2007, Lemon and King applied this framework to produce a multiphase
model with three phases (mobile cells, fluid, and the rigid scaffold) to investigate the effect of nutrient
limitation on cell growth within 3D scaffolds in static culture, and simulation results were parameterised
for chondrocytes growing within a polymer scaffold [191]. Their model compared growth responses
for cells that were seeded by injection or shaking a cell suspension through the scaffold. These cells
were mobile, and the balance of their proliferation and mitosis was dependent on the local nutrient
concentration and the local volume fractions occupied by the cell and fluid phases. The nutrient was
modelled using an advection-diffusion-reaction equation that allowed its motion freely through both
the cell and fluid phases, and the reaction term accounted for nutrient uptake by cells. The results of
Lemon and King showed that cells grow preferentially near the scaffold edge due to the greater nutrient
availability there, and that reduced drag between the scaffold and cells overcomes the effects of nutrient
depletion by increasing cell motility, which in turn improves uniform cell growth within the scaffold.
An alternative approach to optimising cell growth for the formation of engineered tissues is to seed cells
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to microbeads in a fluid suspension, and gently mix this suspension inside a rotating bioreactor. For
appropriately chosen rotation speeds, this approach can promote a well-mixed culturing environment
with greater homogeneity of nutrient concentration, as well as reduce the potential for cell necrosis due
to the flow-induced shear stresses that may arise in perfusion bioreactor systems. Kwon et al. used a
multiphase model consisting of two phases (beads and fluid) to determine the appropriate balances
of microbead size and rotating speed for optimal cell growth in a rotating bioreactor [196]. They do
not model cells explicitly; rather, they assume that the nutrient in the bioreactor is consumed at a
constant rate by cells which are present only in the bead phase. Simulations of the changes in the
spatial distribution of beads and nutrient over time identified that the rotating speed needs to increase
with microbead size, to ensure appropriate mixing of beads and nutrients throughout the bioreactor and
reduce cell damage due to collision of beads with the vessel walls.
O’Dea et al. used a multiphase model of engineered tissue growth in perfusion bioreactors, based on
the framework of Lemon et al. [195], to investigate the response of cells to mechanical stimulation
known as mechanotransduction [197]. Their model consisted of two phases (cells and extracellular
matrix together as one phase, and culture medium), considered mechanotransduction by assuming that
the cell proliferation depends on either the local cell density or local medium pressure. They found
that tissue morphology for cell density-dependent and pressure-dependent proliferation responses are
identical in static culture, and that experimental comparison between the morphologies of engineered
tissues grown in static and dynamic cultures (e.g. the latter grown in a perfusion bioreactor) may
identify the dominant mechanotransduction response of the cells. O’Dea et al. then extended this model
to three phases (cells and extracellular matrix together, medium and scaffold) with consideration of
interphase tractions (cell-scaffold interactions) and intraphase forces (cell-cell interactions) as well as
a third potential mechanotransduction mechanism, shear-stress dependent proliferation [198]. These
latter results demonstrated that cell behaviour in the scaffold is critically dependent upon the relative
importance of cell aggregation and repulsion.
The dependence of spatial cell distribution and total cell yield on different spatial distributions of
initial cell density and scaffold porosity for engineered tissues grown in a perfusion bioreactor was
investigated using a multiphase model by Shakeel et al. [188]. In this model, the change in the local cell
density was assumed to follow logistic growth and nonlinear diffusion that locally decreases towards
zero as the cell density approaches its carrying capacity. Various spatial configurations of scaffold
porosity were examined for their ability to promote cell growth in the engineered tissue. Their results
indicated that higher cell yields are obtained if cells are initially seeded far from the nutrient inlet, as
this avoids nutrient limitation arising from concentrated cell growth in the section of the scaffold where
nutrient is entering. Cell yield was also promoted by a scaffold possessing high-porosity tubes parallel
to the direction of medium flow and located away from the scaffold edges, as these tubes helped to
better distribute nutrients throughout the scaffold.
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In 2012, Consolo et al. used a multiphase model consisting of two phases (microbeads and medium)
to predict the appropriate rotating speed for culturing murine embryonic stem cells in a rotating
bioreactor [199]. Spatial distributions of the volume fraction of cell-seeded microbeads were simulated
for different rotating speeds to identify the operating conditions of the bioreactor required to produce
a well-mixed suspension of these beads. To test the model predictions, murine embryonic stem cells
seeded on microbeads were grown both in static culture and in the rotating bioreactor under the
operating conditions suggested by the model. In the first three weeks of culturing, the cell yield
obtained in the rotating bioreactor was maintained at more than double the cell yield obtained in the
static culture. These results demonstrate both the ability of the rotating bioreactor to improve cell
yield and the feasibility of using multiphase modelling to optimise the operating conditions of these
bioreactors.
From the above, it is clear that multiphase modelling has been very useful in optimising the growth of
engineered tissues. The cells used to produce these tissues are all either grown (1) within a rigid scaffold
or (2) on multibeads within a bioreactor, with the ultimate aim being to obtain an engineered tissue
that is spatially homogeneous. In both cases, the equations for multiphase modelling are solved on a
fixed spatial domain, based on either the dimensions of the rigid scaffold or the bioreactor. However,
reconstructed epidermis is an engineered tissue which forms a distinct multilayered structure, and is
grown on the surface of a scaffold. Reconstructed epidermis has a distinct upper boundary, as well as
internal sublayer boundaries, both of which change while it grows (Figure 1.1), and thus a multiphase
model of its growth must explicitly take into account these moving boundaries.
Multiphase models of biological tissues with distinct time-dependent spatial boundaries have been used
elsewhere to consider the growth of avascular tumours (reviewed in [200, 201]). In these models, three
tumour cell regions are typically considered - proliferative, quiescent and necrotic - and the spatial areas
occupied by these cells are defined by distinct internal boundaries and a distinct external boundary.
Equations are defined to specify the temporally-changing position of these boundaries and hence the
growth of these tumours. This approach has been used since the very first multiphase models of
avascular tumour growth reported by Please and colleagues [202–204]. For the second major objective
of this thesis, we will use a multiphase model to investigate the growth and deterioration pattern of
reconstructed epidermis, and for this model we will define equations that specify the changes in the
thickness of its sublayers.
1.4 Research Objectives
In this section, the two major objectives of this thesis, which were mentioned throughout the Literature
Review, are stated. The approaches used in this thesis to address these objectives are also described.
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Objective 1: Determine the key mechanisms that regulate the calcium profile in
unwounded normal epidermis
The formation of the epidermal calcium gradient is typically attributed to passive regulation by the
stratum corneum [118], which is thought to act like a sieve that selectively allows water but not
calcium to leave the viable epidermis [51]. However, epidermal calcium in the intracellular organelles
and extracellular fluid (ECF) is maintained at concentrations that are significantly higher than in
the intracellular cytosol by membrane pumps present on the membranes of keratinocytes [121] and
their intracellular structures [122]. This indicates that the active partitioning of calcium between its
intracellular and extracellular localisations may be an important contributor to the formation of the
epidermal calcium profile, a hypothesis which is further supported by experimental results showing
that the bulk of free calcium is localised in intracellular structures [51] and that these calcium stores
are mobilised in response to wounding [52]. Recent experimental evidence has also shown that tight
junctions present in the stratum granulosum form an extracellular barrier to calcium ions [28] and
this barrier may contribute to the formation of the epidermal calcium profile [27]. Previous models of
the epidermal calcium gradient have either not satisfied mass conservation for calcium [50] or have
partitioned the calcium into free and bound localisations [49] according to an assumption for the
spatial distribution of binding sites in the epidermis that follows from calcium profile data [3] rather
than binding site data. No mathematical model of the epidermal calcium profile has yet considered
the partitioning of calcium between intracellular and extracellular localisations or the effect of tight
junctions on this profile.
The first objective of this research is to determine the relative contributions of (1) calcium
partitioning between intracellular and extracellular localisations, and (2) tight junction-limited
extracellular calcium transport, to the formation of the calcium profile in unwounded normal human
and murine epidermis. This will be addressed by simulating the unwounded epidermis with a steady
state multiphase model possessing two phases - cells and ECF - within which calcium is present as
intracellular and extracellular respectively. The objective will be addressed as follows:
1. The first task is to investigate how calcium is exchanged between intracellular and extracellular
localisations, and how this exchange varies spatially through the viable epidermal sublayers.
Using the multiphase model, velocity profiles for the cells and ECF will be calculated from
the proliferation and growth kinetics of keratinocytes in these sublayers. Then, the relative
contributions of advection and diffusion to the motion of extracellular calcium in the absence of
tight junctions are compared, and it will be shown that diffusion governs extracellular calcium
motion. This result, together with the calculated cell velocity profiles and experimental data for
the total calcium profiles in normal and human epidermis, will be used to predict the spatial
profile of calcium exchange between cells and ECF in the viable epidermis. This work is outlined
in Chapter 2 of this thesis.
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2. The second task is to investigate the contribution of tight junctions to the epidermal calcium
profile. Velocity profiles for the cells are updated with more specific details of the keratinocyte
proliferation and growth kinetics, and the model is extended to include the lower stratum corneum
based on results from transepidermal water loss experiments. The effect of tight junctions on ECF
motion causes changes in the underyling model equations, and we will derive an elegant equation
that links the calcium ion permeability of the tight junction barrier with the expected rise in
extracellular calcium concentration across the stratum granulosum due to this barrier. Combining
this equation with experimental data for total calcium profiles in normal and human epidermis,
we will provide ballpark estimates of the permeability of the epidermal tight junction barrier to
calcium in unwounded epidermis. This work is outlined in Chapter 3 of this thesis.
Objective 2: Identify the possible contributors to the growth and deterioriation
pattern of reconstructed epidermis
Reconstructed epidermis posesses a typical shelf-life of less than one month, following an unexplained
growth and deterioration pattern (Figure 1.1) that has been observed in both human [1, 41, 42] and
murine skin substitutes [43]. Tight junctions are present in the reconstructed epidermis [44] and their
formation has been hypothesised to be induced from a local signal in the stratum corneum [138].
Because tight junctions form a barrier to calcium ions [28], and calcium plays an important role in
regulating epidermal homeostasis [4, 21], it is possible that an imbalance in this complex interaction in
vitro could be responsible for the growth and deterioration pattern.
The second objective of this research is to determine if the growth and deterioration pattern of
reconstructed epidermis could be attributed to altered dynamics of extracellular calcium and/or
tight junctions. This will be addressed by simulating the reconstructed epidermis with a multiphase
model possessing two phases - cells and ECF - that is the spatiotemporal extension of the steady state
epidermis model used for Objective 1. This model will also include equations governing the motion of
epidermal sublayer boundaries, and equations governing the spatial dynamics of tight junctions and a
hypothesised signal chemical emanating from the stratum corneum.
The model considers the growth of the reconstructed epidermis from basal keratinocytes to a fully
stratified structure in three temporal stages, each stage corresponding to the formation of individual
suprabasal sublayers (stratum spinosum, stratum granulosum, and stratum corneum). The potential
changes in epidermal structure due to the presence or absence of tight junctions and reduced diffusion
of extracellular calcium throughout the viable sublayers are considered. To confirm the accuracy of
numerical simulations of this model, its results were compared to an analytical solution (applicable for
certain parameter values) and a numerical algorithm we developed to identify the steady states of the
model. The model description and its results are outlined in Chapter 4, and the solution techniques used
for this model are outlined in Chapter in 5.
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1.5 Thesis Structure
This thesis is presented by publications. The original contribution to the literature is given in the
form of two journal articles and two conference papers. These four peer-reviewed papers comprise
the individual chapters of the thesis and are detailed below.
Chapter 2. Steady State Model of Calcium in Normal Epidermis
Paper. Adams, M.P., Mallet, D.G. and Pettet, G.J. (2012). Active regulation of the epidermal calcium
profile. Journal of Theoretical Biology, 301:112-121.
Statement of Authorship. The workload was divided as follows:
• Matthew Adams (candidate) designed and performed the numerical simulations, wrote the
manuscript, and acted as the corresponding author.
• Dann Mallet reviewed the manuscript.
• Graeme Pettet reviewed the manuscript.
Abstract. A distinct calcium profile is strongly implicated in regulating the multi-layered structure of
the epidermis. However, the mechanisms that govern the regulation of this calcium profile are currently
unclear. It clearly depends on the relatively impermeable barrier of the stratum corneum (passive
regulation) but may also depend on calcium exchanges between keratinocytes and extracellular fluid
(active regulation). Using a mathematical model that treats the viable sublayers of unwounded human
and murine epidermis as porous media and assumes that their calcium profiles are passively regulated,
we demonstrate that these profiles are also actively regulated. To obtain this result, we found that
diffusion governs extracellular calcium motion in the viable epidermis and hence intracellular calcium
is the main source of the epidermal calcium profile. Then, by comparison with experimental calcium
profiles and combination with a hypothesised cell velocity distribution in the viable epidermis, we
found that the net influx of calcium ions into keratinocytes from extracellular fluid may be constant and
positive throughout the stratum basale and stratum spinosum, and there is a net outflux of these ions
in the stratum granulosum. Hence the calcium exchange between keratinocytes and extracellular fluid
differs distinctly between the stratum granulosum and the underlying sublayers, and these differences
actively regulate the epidermal calcium profile. Our results also indicate that plasma membrane
dysfunction may be an early event during keratinocyte disintegration in the stratum granulosum.
Chapter 3. Steady State Model of Calcium and Tight Junctions in Normal Epidermis
Paper. Adams, M.P., Mallet, D.G. and Pettet, G.J. (2015). Towards a quantitative theory of epidermal
calcium profile formation in unwounded skin. PLoS One, 10:e0116751.
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Statement of Authorship. The workload was divided as follows:
• Matthew Adams (candidate) designed and performed the numerical simulations, wrote the
manuscript, and acted as the corresponding author.
• Dann Mallet reviewed the manuscript.
• Graeme Pettet reviewed the manuscript.
Abstract. We propose and mathematically examine a theory of the calcium profile formation in
unwounded mammalian epidermis based on: changes in keratinocyte proliferation, fluid and calcium
exchange with the extracellular fluid during these cells’ passage through the epidermal sublayers, and
the barrier functions of both the stratum corneum and tight junctions. Using this theory, we develop
a mathematical model that predicts epidermal sublayer transit times, partitioning of the epidermal
calcium gradient between intracellular and extracellular domains, and the permeability of the tight
junction barrier to calcium ions. Comparison of our model’s predictions of epidermal transit times
with experimental data indicates that keratinocytes lose at least 87% of their volume during their
disintegration to become corneocytes. Intracellular calcium is suggested as the main contributor to the
epidermal calcium gradient, with its distribution actively regulated by a phenotypic switch in calcium
exchange between keratinocytes and extracellular fluid present at the boundary between the stratum
spinosum and the stratum granulosum. Formation of the extracellular calcium distribution, which
rises in concentration through the stratum granulosum towards the skin surface, is attributed to a tight
junction barrier in this sublayer possessing permeability to calcium ions that is less than 15 nm s−1
and 37 nm s−1 in human and murine epidermis respectively. Future experimental work may refine the
presented theory and reduce the mathematical uncertainty present in the model predictions.
Chapter 4. Dynamic Model of Calcium and Tight Junctions in Reconstructed
Epidermis: Results
Paper. Adams, M.P., Mallet, D.G. and Pettet, G.J. (2012). A continuum model of the growth
of engineered skin substitutes. Proceedings of the 10th Biennial Engineering Mathematics and
Applications Conference (EMAC 2011), Sydney, Australia, The ANZIAM Journal, 53:C90-C109.
Statement of Authorship. The workload was divided as follows:
• Matthew Adams (candidate) designed and performed the numerical simulations, wrote the
manuscript, and acted as the corresponding author.
• Dann Mallet reviewed the manuscript.
• Graeme Pettet reviewed the manuscript.
31
Abstract. We present a porous medium model of the growth and deterioration of the viable sublayers
of an epidermal skin substitute. It consists of five species: cells, intracellular and extracellular calcium,
tight junctions, and a hypothesised signal chemical emanating from the stratum corneum. The model
is solved numerically in MATLAB using a finite difference scheme. Steady state calcium distributions
are predicted that agree well with the experimental data. Our model also demonstrates epidermal skin
substitute deterioration if the calcium diffusion coefficient is reduced compared to reported values in
the literature.
Chapter 5. Dynamic Model of Calcium and Tight Junctions in Reconstructed
Epidermis: Methods
Paper. Adams, M.P., Mallet, D.G. and Pettet, G.J. (2012). Solution methods for advection-diffusion-
reaction equations on growing domains and subdomains, with application to modelling skin substitutes.
Proceedings of the 4th International Conference on Computational Methods (ICCM 2012), Gold Coast,
Australia, Paper 230.
Statement of Authorship. The workload was divided as follows:
• Matthew Adams (candidate) designed and performed the numerical simulations, wrote the
manuscript, and acted as the corresponding author.
• Dann Mallet reviewed the manuscript.
• Graeme Pettet reviewed the manuscript.
Abstract. Problems involving the solution of advection-diffusion-reaction equations on domains and
subdomains whose growth affects and is affected by these equations, commonly arise in developmental
biology. Here, a mathematical framework for these situations, together with methods for obtaining
spatio-temporal solutions and steady states of models built from this framework, is presented. The
framework and methods are applied to a recently published model of epidermal skin substitutes.
Despite the use of Eulerian schemes, excellent agreement is obtained between the numerical spatio-
temporal, numerical steady state, and analytical solutions of the model.
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Chapter 2
Steady State Model of Calcium in
Normal Epidermis
This chapter features the peer-reviewed journal article “Active regulation of the epidermal calcium
profile” published in Journal of Theoretical Biology, 301:112-121, 2012. The paper has been modified from
its published version for its inclusion as a chapter in this thesis.
2.1 Abstract
A distinct calcium profile is strongly implicated in regulating the multi-layered structure of the
epidermis. However, the mechanisms that govern the regulation of this calcium profile are currently
unclear. It clearly depends on the relatively impermeable barrier of the stratum corneum (passive
regulation) but may also depend on calcium exchanges between keratinocytes and extracellular fluid
(active regulation). Using a mathematical model that treats the viable sublayers of unwounded human
and murine epidermis as porous media and assumes that their calcium profiles are passively regulated,
we demonstrate that these profiles are also actively regulated. To obtain this result, we found that
diffusion governs extracellular calcium motion in the viable epidermis and hence intracellular calcium
is the main source of the epidermal calcium profile. Then, by comparison with experimental calcium
profiles and combination with a hypothesised cell velocity distribution in the viable epidermis, we
found that the net influx of calcium ions into keratinocytes from extracellular fluid may be constant and
positive throughout the stratum basale and stratum spinosum, and there is a net outflux of these ions
in the stratum granulosum. Hence the calcium exchange between keratinocytes and extracellular fluid
differs distinctly between the stratum granulosum and the underlying sublayers, and these differences
actively regulate the epidermal calcium profile. Our results also indicate that plasma membrane
dysfunction may be an early event during keratinocyte disintegration in the stratum granulosum.
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2.2 Introduction
The epidermis is the most superficial skin layer and it possesses a distinct calcium distribution [4] which
is strongly implicated in regulating its structure [90]. Here, we investigate the epidermal calcium profile
with a mathematical model and demonstrate that this profile is actively regulated.
2.2.1 The epidermis and its structure
Keratinocytes, which are the primary cells of the epidermis [76], differ in shape and function with depth
from the skin surface. These differences characterise four sublayers of the epidermis. From deep to
superficial, these sublayers are [55]:
1. The stratum basale (SB): Keratinocytes proliferate and possess near-cuboidal shape.
2. The stratum spinosum (SS): Non-proliferating keratinocytes passively migrate towards the skin
surface, displaced from the SB by proliferation there.
3. The stratum granulosum (SG): Keratinocytes become flattened and disintegrate, expelling their
contents into the extracellular space.
4. The stratum corneum (SC): Denucleated keratinocytes, called corneocytes, are highly flattened and
surrounded by lipids that were expelled during the disintegration in the SG. The SC is responsible
for the skin’s barrier function [73]. Towards the skin surface, the corneocyte/lipid structure has
reduced adhesion and is sloughed during everyday activity [16].
The thickness of the epidermis is homeostatically maintained at a constant, which decreases slowly over
the human lifetime [40], as a result of the balance of proliferation in the SB with sloughing in the SC.
Thus, the epidermis is dichotomous in that dynamic mechanisms - cell proliferation, passive migration,
and removal - yield relatively static histology.
2.2.2 Calcium in the epidermis
The transition of keratinocytes between the epidermal sublayers, with the attended phenotypic changes
called differentiation, is regulated by several signals, but a “key epidermal regulator” so far eludes
determination [76]. Calcium, the Notch signalling pathway and transforming growth factor-β have
been investigated for this role [57]. Calcium has been described as a “grand-master cell signaler” [205]
because of its importance in multiple biological systems, and this role of calcium is an active research
area of theoretical biology today [103, 206].
In unwounded epidermis, the calcium distribution possesses a profile as illustrated by Figure 2.1: low
levels in the SB, rising gradually towards a peak in the SG, and dropping sharply to negligible levels
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in the SC [4]. Calcium levels are also slightly higher in the underlying dermis than in the SB [2]. The
calcium profile is implicated in regulating the structure of the epidermis as basal in vitro keratinocytes
respond to calcium by forming multi-layered structures similar to those seen in vivo [90].
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Figure 2.1: Schematic of the calcium profile (left) and multi-layered structure (right) of the epidermis.
Values for sublayer heights z1, z2 and z3 for human and murine epidermis are provided in Table 2.1.
The epidermal calcium profile is a summation of calcium from three different localisations: the
extracellular fluid (ECF), the cytosol, and intracellular organelles [102] such as the Golgi apparatus [207]
and endoplasmic reticulum [208]. To date, the specific contributions of these three localisations
to the calcium profile have only been reported semi-quantitatively [6]. However, it is known that
ECF [121] and organelle calcium concentrations [122] are significantly higher than in the cytosol. These
concentration differences are maintained by calcium pumps, present on membranes of the keratinocytes
and their intracellular structures, which actively remove calcium from the cytosol [123].
Currently, there is debate in the literature over whether the formation of the calcium profile is actively
regulated [118]. It is already clear that the profile is passively regulated by the relatively impermeable SC,
since wounding this sublayer obliterates the calcium profile [21]. However, if the profile is also actively
regulated, changes in the action of the calcium pumps on keratinocytes membranes may contribute to
formation of this profile. Celli et al. [51] have suggested that an active mechanism is required to keep
calcium levels in the SB and SS lower than in the underlying dermis and overlying SG.
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2.2.3 Mathematical modelling of the epidermal calcium profile
The epidermal calcium profile has been previously modelled by Cornelissen et al. [49]. (Further
discussion of this model is provided in Section 1.3.2.) They found that the shape of the calcium profile
is mostly determined by bound calcium, and that the free calcium distribution in the viable sublayers
is regulated by electrophoresis. This bound calcium may be attached to calcium-binding molecules and
intracellular organelles, the latter of which move towards the skin surface within the keratinocytes they
are present. Whilst the conclusions of this model are very reasonable, the bound calcium is assumed
to be stationary [49], which contradicts the constant keratinocyte motion. Also, a cubic function for
calcium binding sites is used, but this function is based on calcium profile data [3] rather than binding
site data. An agent-based simulation by Grabe and Neuber [50] also simulates the epidermal calcium
distribution, but their model assumes preferential upwards motion of calcium from cell to cell to
achieve this result.
In this chapter, we present a model of the viable layers of the epidermis as a saturated porous medium
with keratinocytes and ECF considered analogous to soil particles and water. We use this model to
predict the calcium exchange between keratinocytes and ECF as a function of skin depth in unwounded
epidermis, based on experimental calcium profile data, and discuss the implications of our results. Our
work suggests that diffusion may govern the extracellular calcium distribution and hence intracellular
calcium is the main source of the epidermal calcium profile. This in turn indicates that differences
in calcium exchange between keratinocytes and ECF with skin depth actively regulate the epidermal
calcium profile. We then quantify these differences, finding possibly constant calcium influx into
keratinocytes in the stratum basale and stratum spinosum, and calcium outflux from keratinocytes in
the stratum granulosum. Our results also suggest that membrane dysfunction may be an early event
during keratinocyte disintegration in the stratum granulosum.
2.3 Background
2.3.1 Model equations
We model the viable sublayers of the epidermis as a saturated porous medium. A variety of biological
applications have been modelled as porous media, including tumour growth [202], blood flow in human
tissues [209], drug delivery to the brain [210], food processing [211] and tree water flow [212].
In our model, cells and ECF co-exist at every spatial point. This continuum approach is more
computationally efficient than cell population models, but loses predictive power at the individual cell
level. Fozard et al. [167] recently evaluated the correlation between continuum and cell population
models for epithelial monolayers, and suggested that continuum models are predictive for monolayers
containing as few as five cells. Viable murine and human epidermis possess 4-6 [70, 168] and 5-12 [55]
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cell layers respectively, each layer itself consisting of vast numbers of cells. Hence we believe that
modelling the viable epidermis as a porous medium is quite appropriate.
The model consists of keratinocytes, ECF and calcium, in the viable epidermal sublayers. We consider
only one spatial direction z perpendicular to the skin surface. The epidermal sublayers are defined as
follows: the SB in 0≤ z≤ z1, the SS in z1<z≤ z2 and the SG in z2<z≤ z3 (see Figure 2.1).
As a porous medium, we consider keratinocytes analogous to soil particles and the surrounding
ECF analogous to the water that saturates the soil system. Keratinocytes are treated as bags of
incompressible, inviscid fluid. The ECF surrounding the keratinocytes is assumed to possess identical
properties to this cellular fluid. Calcium is always dissolved in the cells or ECF. Calcium contained
in the cytosol and intracellular organelles of cells are considered together simply as intracellular
calcium. Experimentally, intracellular calcium waves are known to propagate between adjacent
keratinocytes [213], but these waves have insignificant magnitude (≈ 120 nM [214], which corresponds
to≈ 0.005 mg/kg) compared to the calcium profiles we investigate (Figures 2.4(a) and 2.4(b)). Hence we
confine intracellular calcium to individual keratinocytes, with its velocity equal to the local keratinocyte
velocity.
Unwounded epidermis varies slowly in thickness during the human lifetime [40]. The epidermal
sublayers and calcium profile should be similarly stable. Hence, the epidermis is at steady state, and
time dependence can be removed. With all of the above considerations in mind, the equations of our
model are derived from mass conservation equations for the fluid and calcium, and are given by
d
dz
(φui(z)) = f(z), (2.1a)
d
dz
((1− φ)ue(z)) = −f(z), (2.1b)
d
dz
(ρci(z)ui(z)) = g(z), (2.1c)
d
dz
(ρce(z)uce(z)) = −g(z), (2.1d)
where φ is the cell volume fraction, 1 − φ is the ECF volume fraction, ρci and ρce are the superficial
intracellular and extracellular calcium concentrations respectively, ui, ue and uce are the physical
velocities of the cells, ECF and extracellular calcium respectively, f is the rate of change of cell volume
fraction due to transformation of ECF to cells, and g is the rate of change of superficial intracellular
calcium concentration due to calcium transfer from ECF to cells. Superficial calcium concentrations ρci
and ρce (per unit total volume) are related to the physical concentrations [Cai] (intracellular calcium
concentration per cell volume) and [Cae] (extracellular calcium concentration per ECF volume) via the
equations [Cai] = ρci/φ and [Cae] = ρce/(1 − φ) respectively. Although functions f and g may depend
on ρci and ρce, here we write these functions simply with dependence on z because we are firstly
interested in identifying their spatial variability with distance above the basement membrane (BM). A
schematic of the model is presented in Figure 2.2, in two spatial dimensions rather than one for clarity.
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Figure 2.2: Schematic of the saturated porous medium model in two spatial dimensions, illustrating the
flows of cells (ui), ECF (ue) and extracellular calcium ions (uce).
The function g(z) specifies the spatial variation of calcium exchange between cells and ECF through the
viable epidermal sublayers, and its calculation would indicate whether or not the epidermal calcium
profile is actively regulated by sublayer-specific changes in this calcium exchange. However, to our
knowledge, there is no qualitative or quantitative experimental data available for the direct estimation
of the calcium transfer function g(z).
Whilst one would normally expect that φ, ρce (or ρci) are specified in equations (2.1a)-(2.1d) and
the momentum balances used to determine the fluid and calcium velocities, here we take the novel
approach of using these equations to estimate the function g(z). The cell volume fraction φ is assumed
to be constant in the viable epidermal sublayers [182], and we will later specify φ, f , uce and ρce + ρci.
This closes the model as we are left with four unknowns (ui, ue, g and one of ρce, ρci) in four equations.
(Additional constitutive equations are necessary if this model is extended to two or three spatial
dimensions.)
Specifically, the way in which we use equations (2.1a)-(2.1d) in this chapter is as follows. First, the
functional form for the fluid exchange between cells and ECF f(z) is specified and used to calculate
expressions for the cell velocity profile ui(z) and ECF velocity profile ue(z) in the viable epidermis
using equations (2.1a) and (2.1b) (Section 2.4.1). We discuss the physical interpretation of these velocity
profiles in Section 2.4.2. Next, we specify the extracellular calcium flux ρce(z)uce(z), and determine the
relative contributions of advection and diffusion to this flux. We assume that the calcium exchange
between cells and ECF g(z) contributes negligibly to the extracellular calcium profile (an assumption
that we later show is valid in Section 2.4.5) and these considerations together will allow us to solve
equation (2.1d) for the extracellular calcium distribution ρce(z) (Section 2.4.3). Finally, we subtract
38
this predicted extracellular calcium distribution from experimentally-reported total epidermal calcium
profiles ρ(z) = ρci(z) + ρce(z) to estimate the intracellular calcium distribution ρci(z), which allows us
to use equation (2.1c) to predict the calcium exchange g(z) between cells and ECF as a function of the
height above the BM (Section 2.4.4). This calculation of g(z) is the key result of the chapter, as it is used
to identify the potential sublayer-specific differences in the calcium transfer between cells and ECF in
the viable epidermis.
2.3.2 Boundary conditions
Here we state all boundary conditions of the model together for convenience. Although we have not yet
stated the final model, we will show in later sections that the steady state distributions of ui(z), ue(z)
and ρci(z) are described by first order ordinary differential equations, and the steady state distribution
ρce(z) is described by a second order differential equation, the latter due to the contribution of Fickian
diffusion. Hence, we require one boundary condition each for ui(z), ue(z) and ρci(z) and two boundary
conditions for ρce(z).
Firstly, keratinocytes cannot enter or exit the epidermis through the BM that separates the epidermis
and dermis. Hence the cell velocity through the BM is zero,
ui(0) = 0. (2.2)
It follows from equation (2.2) that intracellular calcium cannot travel across the BM because it is
contained within keratinocytes,
ρci(0)ui(0) = 0. (2.3)
The calcium present in the epidermis originates from movement of fluids and calcium across the BM
[116]. Hence at steady state, the BM acts as a constant source of calcium,
ρce(0) = ρ0, (2.4)
where ρ0 is the constant superficial extracellular calcium concentration at the BM. This boundary
condition is appropriate if the epidermal and dermal histologies are static (e.g. unwounded skin).
However, it may require reconsideration if the epidermal structure is changing (e.g. during wound
healing), as calcium motion across the BM increases in response to wounding of the epidermis [21].
The SC is significantly less permeable to water transport than the viable sublayers [74]. Hence we
assume that the flow of ECF through the SG-SC interface is negligible,
ue(z3) = 0, (2.5)
and extracellular calcium cannot travel across this interface because it is dissolved in the ECF,
ρce(z3)uce(z3) = 0. (2.6)
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This boundary condition represents the assumption of passive regulation of the calcium profile.
At the sublayer boundaries z1 and z2, all volume fractions and velocities are continuous. The ρce profile
and its gradient are also continuous at these boundaries because the ECF is contiguous. However, ρci
and its gradient are not generally continuous because its distribution spans multiple cells, so spatially
adjacent points in the domain may possess independent ρci values.
2.4 Results
2.4.1 Cell and fluid velocities in the viable epidermis
Next, we specify f(z) in the different sublayers, based on information from the experimental literature.
1. The stratum basale, 0≤ z≤ z1: Keratinocytes proliferate at a rate that is assumed constant per cell
volume. This rate is estimated by inverting the mean cell cycle time of 62.5 h experimentally
reported for this sublayer [215]. Although there is evidence [65] for separate stem and transit-
amplifying cell subpopulations possessing different proliferation rates in the SB, the slow-cycling
stem cells compose only 1-10% of this sublayer [216] and so may not significantly affect the
proliferation kinetics.
2. The stratum spinosum, z1≤ z≤ z2: Keratinocytes do not proliferate or disintegrate, and keratinocyte
volume change is small [217]. Hence we assume that there is no significant cellular fluid influx in
this sublayer.
3. The stratum granulosum, z2≤ z≤ z3: Keratinocytes disintegrate and reduce in size. We assume that
this disintegration occurs at a constant rate per cell volume for simplicity.
Because we consider only unwounded epidermis in this chapter, the positions of sublayer heights z1, z2
and z3 are assumed to be constant and are prescribed based on reported values from the experimental
literature.
As a simple representation of the assumptions given above, we define the following form of f(z),
f(z) =

s1φ, 0 ≤ z ≤ z1,
0, z1 < z ≤ z2,
−s2φ, z2 < z ≤ z3,
(2.7)
where s1 is the proliferation rate in the SB and s2 is the disintegration rate in SG, both assumed constant.
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Combining this form of f(z) with considerations from previous sections yields
ui(z) =

s1z, 0 ≤ z ≤ z1,
s1z1, z1 ≤ z ≤ z2,
s1z1 − s2(z − z2), z2 ≤ z ≤ z3,
(2.8a)
ue(z) =

φ (s1(z1 − z)− s2(z3 − z2)) /(1− φ), 0 ≤ z ≤ z1,
−s2φ(z3 − z2)/(1− φ), z1 ≤ z ≤ z2,
−s2φ(z3 − z)/(1− φ), z2 ≤ z ≤ z3,
(2.8b)
thereby giving expressions for the cell and ECF velocities in the viable epidermis.
For equations (2.8a) and (2.8b) to be physically reasonable requires that the inequality
s1 >
s2(z3 − z2)
z1
(2.9)
is satisfied. This inequality ensures that the cell velocity at the SG-SC interface is positive, so that SC is
produced. The disintegration rate s2 is written in terms of the total volume reductionR of a keratinocyte
due to disintegration during its passage through the SG, and is given by
s2 =
Rs1z1
z3 − z2 , (2.10)
where the derivation of this equation is given in Additional Material B at the end of this chapter,
Section 2.B. The constant R is introduced because volume changes of keratinocytes through the SG
have been previously reported in the experimental literature [71] whilst disintegration rates s2 have not
been reported.
A profile of cell and ECF velocities in human epidermis, produced using equations (2.8a), (2.8b) and
(2.10), is presented in Figure 2.3. The parameters used are given in Table 2.1, with justification for these
parameters provided in Additional Material A at the end of this chapter, Section 2.A. The numerical
calculation of the cell and ECF velocity profiles, as well as all other results presented in this thesis, was
performed using MATLAB.
2.4.2 Physical interpretation of the cell and fluid velocities
The forms of the cell and ECF velocities in Figure 2.3 are relatively intuitive. In the SB, the cell velocity
increases linearly from zero due to the proliferation occurring constantly throughout this sublayer.
Simultaneously, the ECF velocity decreases linearly to satisfy mass conservation of the fluid. The
positive ECF velocity at the BM follows from inequality (2.9), whilst the negative ECF velocity at the
SB-SS interface occurs because the cellular fluid expelled during disintegration in the SG travels towards
the BM to construct daughter cells in the SB.
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Parameter Value References
Diffusion coefficient of calcium in viable epidermal ECF D 10−9 m2 s−1 [218–220]
Cell volume fraction in viable epidermis φ 0.96±0.03 [51, 221]
Proliferation rate in the SB s1 2.7× 10−6 s−1 [215]
Total reduction in keratinocyte volume through the SG R 0.46± 10 [71]
Viable sublayer heights above the BM for human epidermis z1 28±17µm [2, 55, 222]
z2 83±20µm [2, 55, 222]
z3 115±3µm [2, 222]
Viable sublayer heights above the BM for murine epidermis z1 20µm [3]
z2 60µm [3]
z3 90µm [3]
Table 2.1: Parameter values used in Chapter 2.
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Figure 2.3: Model prediction of the mean physical cell and ECF velocities in the viable sublayers of
human epidermis.
In the SS, the cell and ECF velocities are constant because f = 0 in this sublayer. The cell velocity is
positive because keratinocytes are migrating passively towards the skin surface, and the ECF velocity is
negative because this fluid is travelling towards the BM as previously described.
In the SG, the cell velocity decreases linearly due to the constant disintegration throughout this layer.
The cell velocity at the SG-SC interface is positive so that SC is produced, corresponding to inequality
(2.9). Simultaneously, the negative ECF velocity decreases linearly in magnitude to zero at the SG-SC
interface so that no ECF enters the SC.
The cell velocity distribution can be used to predict transit times τj through each epidermal sublayer j
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according to
τj =
∫ zj
zj−1
dz
ui(z)
, j = 1, 2, 3, (2.11)
where τ1, τ2 and τ3 correspond to transit times through the SB, SS and SG respectively, and z0 = 0.
τ1 cannot be calculated because ui(0) = 0 yields a singularity in its expression according to equation
(2.11); physically, this occurs because stem cells are not considered in our model. (In Chapter 3, the
inclusion of stem cells in the model will be shown to allow the calculation of τ1.) From calculation of τ2
and τ3 using parameter values from Table 2.1 substituted into equation (2.11), we predict transit times
through viable human epidermis of at least 14-18 days. The uncertainty in our estimated transit times
mathematically reflects the uncertainty of the parameters in equation (2.8a) and physically reflects that
keratinocytes do not all migrate through the epidermal strata at exactly the same rate [11]. (In this thesis,
we assume that this variation in migration rates can be characterised by a keratinocyte velocity profile
ui(z) which at each spatial point z above the BM possesses a particular mean and standard deviation.)
The experimental transit time through viable murine epidermis is 4-7 days [14], whilst viable human
epidermis estimates vary from 10-14 days [11] to 38-61 days [7]. Thus, the cell velocities predicted by
our model agree with experimental data for cell transit times, especially [7].
2.4.3 Regulation of the extracellular calcium profile
Previously, Cornelissen et al. [49] used a mathematical model to conclude that electrophoresis is the main
mechanism regulating the free calcium profile. Their simulation profile is nearly constant in the viable
sublayers, a result also obtainable if diffusion is the dominant mechanism. Similarly, we investigate the
hypothesis that the extracellular calcium profile can be regulated primarily by diffusion.
The extracellular calcium flux is assumed to consist of two contributions: advection matching the ECF
velocity and Fickian diffusion with constant coefficient D,
ρce(z)uce(z) = ρce(z)ue(z)−Ddρce(z)dz . (2.12)
We demonstrate that the advection is negligible compared to diffusion, by considering the sublayer
where advection is strongest: the SS. Equations (2.8b), (2.10) and (2.12) are combined to obtain, in the
SS,
ρce(z)uce(z) = −
(
Rs1z1φ
1− φ ρce(z) +D
dρce(z)
dz
)
. (2.13)
We temporarily introduce the dimensionless variables
u∗ce =
ucetˆ
zˆ
, z∗ =
z
zˆ
, where zˆ = z1, tˆ =
z21
D
, (2.14)
and substitute these variables into equation (2.13), obtaining
ρce(z)u
∗
ce(z) = −
(
Pe ρce(z) +
dρce(z)
dz∗
)
, (2.15)
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where the Pe´clet number, Pe, represents the strength of advection compared to diffusion,
Pe =
Rs1z
2
1φ
(1− φ) /D, (2.16)
with advective and diffusive contributions to the Pe´clet number separated by the solidus. Substitution of
parameter values from Table 2.1 into equation (2.16) yields an advective contribution ofO(10−14 m2 s−1),
diffusive contribution of D = 10−9 m2 s−1, and hence Pe´clet numbers of O(10−5). Thus, advection is
negligible compared to diffusion.
We here assume that the calcium influx g(z) is negligible compared to the extracellular diffusion. Later
in our results (Section 2.4.5) we will demonstrate that this assumption is valid.
From the above considerations, equation (2.1d) simplifies to
D
d2ρce(z)
dz2
= 0, (2.17)
and combining with boundary conditions (2.4) and (2.6) yields
ρce(z) = ρ0, 0 ≤ z ≤ z3. (2.18)
Hence, a constant extracellular calcium profile in the viable sublayers is predicted to occur. Because the
total calcium profile is not constant, this result implies that the intracellular calcium is the source of the
shape of the total epidermal calcium profile, and that the calcium exchanges between the keratinocytes
and ECF must vary with height above the BM to give rise to this shape. Thus, in addition to passive
regulation, the calcium profile is actively regulated by the differences in these exchanges. In the next
section we will determine these calcium exchange profiles g(z).
2.4.4 Calcium exchange profiles
Calcium exchange profiles can be obtained from calcium profiles using the following three-step process:
1. The intracellular calcium profile ρci(z) in the viable epidermis is obtained from the experimental
total calcium profile ρ(z) according to
ρci(z) = ρ(z)− (1− φ)ρ(0), 0 ≤ z ≤ z3. (2.19)
This equation is derived in Additional Material C at the end of this chapter, Section 2.C.
2. The cell velocity profile ui(z) in the viable epidermis is determined by
ui(z) =

s1z, 0 ≤ z ≤ z1,
s1z1, z1 ≤ z ≤ z2,
s1z1 (1−R(z − z2)/(z3 − z2)) , z2 ≤ z ≤ z3.
(2.20)
This equation follows from combination of equations (2.8a) and (2.10).
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3. The calcium exchange profile g(z) is then determined using equation (2.1c),
g(z) =
d
dz
(ρci(z)ui(z)) , 0 ≤ z ≤ z3.
We applied this three-step process to two experimental calcium profiles: a human epidermis profile
shown in Figure 2.4(a) [2] and a murine epidermis profile shown in Figure 2.4(b) [3]. This data was
extracted using the program xyExtract [223]. The differentiation in Step 3 was performed using a
numerical three-point finite difference scheme: forward difference for the deepest spatial point that the
experimental total calcium profile is measured at or above the BM, backward difference at the SG-SC
interface, and central difference for all spatial points in between.
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(b) ρ(z) in murine epidermis.
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(c) g(z) in human epidermis.
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Figure 2.4: Experimental calcium profiles ρ(z) in (a) human [2] and (b) murine epidermis [3], and model
predictions of the cellular calcium transfer rates g(z) in (c) human and (d) murine epidermis obtained
from these profiles.
The calcium transfer profiles obtained are shown in Figures 2.4(c) and 2.4(d) for human and murine
epidermis respectively. In human epidermis, the calcium influx is relatively constant in the SB and
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SS, peaking slightly in the SG before rapidly reversing direction to outflux. The uncertainty is small
in the SB and SS, but increases in the SG due to the increased uncertainty of ρ(z) in this sublayer (see
Figure 2.4(a)). In murine epidermis, the calcium exchange profile is less distinctive, with influx in the SB
and SS and outflux in the SG. Hence for both human and murine epidermis, keratinocytes switch from
calcium influx to outflux during progression from the SS to the SG, and this switch actively regulates
the epidermal calcium profile in both species.
The uncertainty bounds shown in Figures 2.4(c) and 2.4(d) are calculated from the uncertainties in the
calcium profiles ρ(z) and the parameter φ, but do not take into account the uncertainties in parameters
z1 and z2. For human epidermis, the uncertainty in parameters z1 and z2 affects the transfer profile
in the following ways (data not shown). Small z1 yields a smaller plateau g(z) value in the SB and SS
(three- to five-fold difference between lower and upper limits of z1), and an additional peak in the SB
which is an artefact attributable to the change in gradient of ui(z) at z1. Small z2 yields a thinner g(z)
plateau region, and an additional trough in the SG just prior to the peak at z≈ 95µm. The influx peak
at z≈ 95µm occurs regardless of the choice of parameters.
The calcium exchange profiles allow investigation of whether or not the high calcium outflux in the SG
requires cellular breakdown. Murine keratinocytes in vitro can remove 45Ca2+ from the ECF at a rate
of 2 nmol/106 cells/min [15], which corresponds to 2× 10−3 mg/kg s−1. This value is above the upper
limit of |g(z)| for murine epidermis (see Figure 2.4(d)). Hence, the calcium outflux in the SG predicted
by our model can occur whilst the keratinocyte cellular membrane is intact.
2.4.5 Calcium influx negligibly affects the extracellular calcium profile
Finally, we show that g(z) has negligible effect on the extracellular calcium distribution. This was an
essential assumption for the derivations presented in Section 2.4.3. Let us assume that g(z) is non-
negligible, modifying equation (2.17) to
0 = D
d2ρce(z)
dz2
− g(z), (2.21)
and constant and equal to g1 throughout the viable epidermis. This yields a solution of equation (2.21),
with boundary conditions (2.4) and (2.6), of
ρce(z) = ρ0 +
g1z
2D
(z − 2z3). (2.22)
In the domain z ∈ [0, z3] of our model, this equation gives that the maximum difference between ρce(z)
and ρce(0) = ρ0 occurs when z= z3. When taking into account the uncertainties in all parameters in Table
2.1, we found an upper limit for |g(z)| of 0.015 mg/kg s−1 in viable epidermis for humans and mice (data
not shown). Thus, using equation (2.22) to evaluate |ρce(z3)− ρce(0)|with g1 set to this upper bound on
the magnitude of g(z), determines the upper bound on the variation that this g(z) can provide to the
ρce(z) distribution across the entire domain [0, z3] of our model.
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Equation (2.22), evaluated with g1 = 0.015 mg/kg s−1 and the values of D and maximum z3 substituted
from Table 2.1, yields |ρce(z3)− ρce(0)| ≈ 0.1 mg/kg. This value is insignificant compared to the
experimental calcium profiles. Because a constant g(z) = g1 that possesses higher magnitude than
all predicted values of g(z) in human or murine epidermis yields negligible variation of ρce(z), we
confirm that ρce(z) is essentially constant and that g(z) has negligible effect on the extracellular calcium
distribution.
2.5 Discussion
Our theoretical work contributes to the discussion [51,118] of the role of active and passive mechanisms
in the regulation of the epidermal calcium profile. It is already clear that this profile is passively
regulated by the impermeable barrier of the SC, as the absence of this barrier leads to calcium deposition
in this sublayer, as observed in in vitro reconstructed epidermis [6]. Further, Elias et al. have argued that
passive processes alone can be responsible for regulation of the calcium profile [118].
Hence, we assumed that the calcium profile is passively regulated by the impermeable barrier of the
SC, by use of boundary condition (2.6). We found that diffusion governs extracellular calcium motion in
the viable epidermis and hence the extracellular calcium profile is constant (see Section 2.4.3). This
in turn indicates that intracellular calcium is the main source of the calcium profile, which agrees
with the recent localisation of the bulk of free epidermal calcium to intracellular stores such as the
endoplasmic reticulum and Golgi apparatus [51], and observations in other cell types of higher calcium
concentrations in the endoplasmic reticulum (5-50 mM) [224] than in the ECF (∼ 2 mM) [121].
Combining these results with experimental data for the total calcium profile, we determined the pattern
of calcium exchange between keratinocytes and ECF in the viable epidermis (see Section 2.4.4). We
found that, in both human and murine epidermis, there is influx of calcium ions into keratinocytes in
the SB and SS, and outflux of these ions in the SG. Calcium pumps present on keratinocyte cellular
membranes are likely to be responsible for the calcium exchange between keratinocytes and the ECF.
The importance of these keratinocyte pumps in maintaining healthy epidermis is shown by the recent
association of mutations in these pumps with the skin lesions of Hailey-Hailey and Darier diseases [22].
The differences in the actions of these pumps in the SG and underlying sublayers represent an active
regulation of the intracellular calcium profile, which we have already suggested is the main source
of the total calcium profile. Hence our work suggests that the epidermal calcium profile is actively
regulated [51] by the calcium influx and outflux in the different epidermal sublayers, in addition to its
passive regulation by the impermeable barrier of the SC.
Further to our argument, wounding the epidermis obliterates its calcium profile, due in part to the
disappearance of calcium from the cytosol of keratinocytes in the SG [21]. Increased calcium outflux in
the SG, promoted by membrane pumps in the presence of wounding, may explain this disappearance.
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Because the calcium profile re-establishes gradually with the permeability barrier [21], we suggest that
the active regulation of the epidermal calcium profile by keratinocyte membrane calcium pumps extends
to the ability of the epidermis to re-establish normal function after injury.
The peak in g(z) prior to rapid cellular calcium expulsion in human epidermis (see Figure 2.4(c)) could
be interpreted as an indication of keratinocyte membrane dysfunction early during disintegration. In
order for keratinocytes to expel their calcium in the SG, they must first release the calcium sequestered
in intracellular stores [51]. This causes a temporary sharp increase in cytosolic calcium during
disintegration which has been experimentally observed in the SG [4, 6]. The peak of g(z) prior to
calcium expulsion could represent a contribution from the ECF to this cytosolic calcium increase, due
to some dysfunction of the cell membrane. This possible early disintegration event also fits with the
observation [225] of decreasing expression and enzymatic activity of calcium membrane pumps with
differentation state. On the other hand, we calculated that it is possible for the high calcium outflux in
the SG to occur while the cellular membrane is still intact (see Section 2.4.4).
We found a constant extracellular calcium profile, but this profile is reported to vary with epidermal
sublayer [4]. Whilst the shape of this profile has only been reported semi-quantitatively and varies
with species and publication, the general trend [4–6] is a relatively constant concentration in the SB and
SS, a slight increase in the SG and a sharp drop in the SC. The only disagreement between our work
and this extracellular profile is the slightly increased calcium concentration in the SG. The discrepancy
could be attributed to decreased diffusion coefficient in the SG caused by the increased presence of
extracellular lipids [19] or tight junctions [27]. However, variations in the extracellular calcium profile
should not significantly affect our results because of the small volume of the ECF occupied by this
calcium (≤7%) [51, 221].
Our model did not account for stem cells, but the separation of the SB into stem cell and transit-
amplifying cell subpopulations explains a mathematical singularity present at the BM in our model
construction. (This singularity does not affect the validity of the model above the BM.) In the SB, stem
cells divide indefinitely, each time producing transit-amplifying cells. These transit-amplifying cells
divide only a few times before leaving the SB [226]. In the current form of our model, ui(0) = 0 makes
the transit time through the SB infinite. Also, equation (2.19) indicates that ρci(0)> 0, which together
with our assumption that intracellular calcium cannot travel across the BM in boundary condition (2.3),
implies a singularity in calcium influx at the BM. Both these issues of the model can be resolved by
including stem cells. If stem cells are assumed present on the BM, they may possess a relatively constant
intracellular calcium reservoir that explains the positive ρci(0) seen here. Also, because stem cells are
dividing indefinitely, we can separate their infinite transit time from the finite transit time of their
offspring, transit-amplifying cells. These stem cells should not otherwise affect the results presented
here, because as previously stated they account for only 1-10% of the SB [216].
We found that cellular calcium influx is positive throughout the SB and SS, and possibly constant
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in human epidermis (see Figures 2.4(c) and 2.4(d)). This description of cellular calcium transfer
is different from those assumed by previous mathematical models. The agent-based simulation
of epidermis by Grabe and Neuber [50] assumed that calcium is only taken in by cells in the SB,
whilst Cornelissen et al. [49] assumed a rather complex form of calcium transfer between free and
bound states. The unreproducibility of the constant calcium influx in murine epidermis that we
observed could be attributed to the resolution of the experimental technique (PIXE, ∼ 10µm) used to
obtain the experimental calcium profiles [227]. Alternatively, it could be a species difference: murine
epidermis [70] is thinner and contains fewer cell layers than human epidermis [55], and so may contain
differences in the regulation of its homeostasis.
The model can be extended to: (1) investigate the extracellular calcium gradient, (2) include additional
sublayers such as the stem and transit-amplifying cell populations and the lower SC, (3) use separate
equations for intracellular calcium present in the cytosol and organelles, (4) include keratinocyte size
variation prior to disintegration, (5) include lipids as a second species, and (6) include time-dependence
of epidermal sublayer thicknesses based on the calcium transfer profiles identified here for investigation
of wounding and recovery [118], skin diseases such as psoriasis [228] and the short lifespan of epidermal
substitutes [1]. Regardless of the future direction, the complexity of epidermal calcium dynamics ensure
that it is an interesting problem for future experimental and theoretical research.
2.A Additional Material A: Justification of Parameters
Table 2.1 lists parameters used in this chapter and their key references. Here, we present the justification
of the parameter values, starting from the experimental literature and applying subsequent calculations
where necessary.
Diffusion coefficient of calcium in viable epidermal ECF, D
The ECF is essentially water [229]. Thus, we assume that the diffusion coefficient of calcium in the ECF,
D, is equal to that of calcium ions in water at skin temperature. In the temperature range 0-100◦C,
dependence of D on temperature adheres well to the Stokes-Einstein equation [218],(
D0η0
T
)∣∣∣∣
T1
=
(
D0η0
T
)∣∣∣∣
T2
, (2.A.1)
whereD0 is the diffusion coefficient of a compound in water at infinite dilution, η0 is the water viscosity,
and T is the absolute temperature.
We use the Stokes-Einstein equation to estimate the diffusion coefficient of calcium ions in water at skin
temperature, and hence the physical diffusion coefficient of calcium in the viable mammalian epidermal
ECF, from: (1) the diffusion coefficient of calcium ions in water at infinite dilution and 0◦C [218], (2) an
average skin temperature of 35◦C [219], and (3) water viscosity values at 0◦C and 35◦C reported in [220].
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Cell volume fraction in viable epidermis, φ
Elias and Leventhal [221] reported φ= 0.990-0.995 in the SG of murine epidermis, whilst Celli et al. [51]
reported that φ increases from 0.93 in the SB to 0.98 in the SG in humans. We combine these values to
choose φ= 0.96±0.03.
Proliferation rate in the SB, s1
Castelijns et al. [215] reported that the cell cycle time in human epidermis is ∼62.5 h. The cell cycle time
can be inverted to obtain a proliferation rate of 4.4× 10−6 s−1. However, the growth fraction in the SB is
only 60% [8, 230], resulting in an adjustment to the proliferation rate to s1 = 2.7× 10−6 s−1.
However, estimates of proliferation rates vary by up to an order of magnitude. Potten [230] reported that
the dorsum and ear of murine epidermis possesses a proliferation rate of∼0.7 cells/100 basal cells/hour,
which corresponds to s1 = 1.9×10−6 s−1. On the other hand, Iizuka [8] reported that there are 27,000
cells and a birth rate of 1,246 cells per day in a 1 mm2 section of the proliferative compartment of human
epidermis [8]. Dividing the birth rate by the number of cells yields s1 = 5.3× 10−7 s−1.
When comparing the above three estimates of proliferation rates in the SB, the murine proliferation rate
(1.9×10−6 s−1 [230]) is higher than one of the human proliferation rates (5.3× 10−7 s−1 [8]) but lower
than the other human proliferation rate (2.7× 10−6 s−1 [215]). Hence it is unclear whether keratinocyte
proliferation rates are higher in humans or mice.
For simplicity we assume that the proliferation rates in human and murine epidermis are equal, and
are given by the most recently reported of the three estimates discussed above, s1 = 2.7× 10−6 s−1 [215].
Regardless, in our model s1 affects the magnitude but not the shape of calcium transfer profiles g(z), as
these profiles scale linearly with the value of s1. This can be seen from equations (2.1c) and (2.20), if they
are rewritten as
g(z) = s1
d
dz
(ρci(z)u
∗
i (z)) ,
u∗i (z) =

z, 0 ≤ z ≤ z1,
z1, z1 ≤ z ≤ z2,
z1 (1−R(z − z2)/(z3 − z2)) , z2 ≤ z ≤ z3,
(2.A.2)
where u∗i (z) = ui(z)/s1. Hence, the key result of this chapter (the predicted shape of calcium transfer
profiles g(z)) is unaffected by the choice of s1.
Total reduction in keratinocyte volume through the SG, R
Norle´n and Al-Amoudi [71] reported that the volumes of viable keratinocytes and corneocytes are
700-900µm3 and 400-450µm3 respectively, corresponding to a volume reduction of R= 0.46±0.10.
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Viable sublayer heights above the BM, z1, z2 and z3
For the human epidermal calcium profile investigated, the total epidermis thickness of 125µm is
provided [2]. To estimate z1, z2 and z3, we use other literature sources. First, the thickness of human SC
is 10±3µm [222], so z3 = 115±3µm. Second, the typical number of cell layers in the SB, SS and SG are
used to estimate z1 and z2, as described in the following paragraph.
Forslind and Lindberg [55] report that the SB contains 1-2 cell layers, the SS contains 2-7 cell layers, and
the SG contains 2-3 cell layers. We assume that keratinocytes change little in size during passage through
the viable epidermis, except in the SG. Thus, the SG is the only epidermal sublayer where the cell layers
have different thicknesses. Because SG keratinocytes lose (46±10)% of their volume [71], and this loss
is linear as a function of height above the SS-SG boundary, the average volume of SG keratinocytes
is ((100%− (46±10)%) + 100%)/2 = (77±5)% of the volume of SB and SS keratinocytes. Thus, the SG
contains the equivalent of 1.3-2.3 layers of non-disintegrated cells. Combining this information with the
previously stated number of cell layers for the SB and SS from [55] and the previously calculated value
of z3 = 115±3µm [2, 222], yields z1 = 28±17µm and z2 = 83±20µm.
For the murine epidermal calcium profile investigated, the viable epidermal sublayer heights are
provided [3]: z1 = 20µm, z2 = 60µm and z3 = 90µm.
2.B Additional Material B: Relationship between Cell Volume Loss
and Disintegration Rate
Equation (2.10) expresses the disintegration rate s2 in terms of the total volume reduction R of a
keratinocyte due to disintegration during its passage through the SG. Here, we provide the derivation
of this equation.
The time τ3 taken for a cell to travel through the SG can be determined using equation (2.11).
Substitution of equation (2.8a) into (2.11) for the SG, and subsequent integration and rearrangement
yields
1− exp (−s2τ3) = s2(z3 − z2)
s1z1
. (2.B.1)
In the SG, the cell volume fraction φ is reduced by g(z) =−s2 φ, which corresponds to cell disintegration
proportional to φ with constant s2. We consider the rate of change of volume V (t) of a single
keratinocyte as it passively migrates through the SG. This keratinocyte’s volume reduction dV/dt is
similarly proportional to V (t) with constant s2,
dV
dt
= −s2V (t), (2.B.2)
which can be solved to give
V (t) = V (0) exp (−s2t) , (2.B.3)
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where V (0) is the keratinocyte’s volume at z2. We define R as the total volume reduction of a
keratinocyte during its passage through the SG, in terms of the keratinocyte volumes V (0) at z2 and
V (τ3) at z3 giving
R = 1− V (τ3)
V (0)
. (2.B.4)
Substitution of expressions for V (t) from equation (2.B.3) into (2.B.4) yields
R = 1− exp (−s2τ3) . (2.B.5)
Comparison of equations (2.B.1) and (2.B.5) immediately gives
R =
s2(z3 − z2)
s1z1
. (2.B.6)
Rearranging this equation for s2 immediately yields the desired equation (2.10).
2.C Additional Material C: Relationship between Intracellular and
Total Calcium
Equation (2.19) expresses the intracellular calcium ρci(z) in terms of the total calcium ρ(z). Here, we
provide the derivation of this equation.
Experimental calcium profiles ρci(z) consist of intracellular and extracellular localisations,
ρ(z) = ρci(z) + ρce(z) = ρci(z) + ρ0, (2.C.1)
the latter equation following from (2.18). Although the total calcium profile across the BM is continuous
(see Figures 2.4(a) and 2.4(b)), the free calcium concentration in the dermis is significantly higher than
in the SB [51]. We assume that all calcium in the upper dermis can freely move throughout it in a similar
fashion to the epidermal extracellular calcium in our model.
Recall boundary condition (2.3), which states that intracellular calcium cannot travel across the BM
because it is stored within keratinocytes. This implies that motion of calcium across the BM only
involves transfer between the free dermal and extracellular epidermal calcium. We assume that the BM
provides no barrier for this transfer. Thus, these concentrations must match at the BM for continuity.
That is
ρ(0) =
ρce(0)
1− φ(0) . (2.C.2)
Equation (2.C.2) is a consequence of the assumptions stated above, and is not a boundary condition.
This equation provides an approximation for the relative amounts of total calcium partitioned between
intracellular and extracellular localisations for the lowest cell layer of the epidermis. Details about
calcium transfers between cells during proliferation in the SB cannot be directly inferred from this
equation. (In Chapter 4 we will explicitly consider the distribution of calcium between daughter cells
during such proliferations.)
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Combining equations (2.18) and (2.C.2) gives
ρ0 = (1− φ)ρ(0). (2.C.3)
Substitution of this into equation (2.C.1) immediately yields the desired equation (2.19).
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Chapter 3
Steady State Model of Calcium and
Tight Junctions in Normal Epidermis
This chapter features the peer-reviewed journal article “Towards a quantitative theory of epidermal
calcium profile formation in unwounded skin” published in PLoS One, 10:e0116751, 2015. The paper
has been modified from its published version for its inclusion as a chapter in this thesis.
3.1 Abstract
We propose and mathematically examine a theory of the calcium profile formation in unwounded
mammalian epidermis based on: changes in keratinocyte proliferation, fluid and calcium exchange
with the extracellular fluid during these cells’ passage through the epidermal sublayers, and the
barrier functions of both the stratum corneum and tight junctions localised in the stratum granulosum.
Using this theory, we develop a mathematical model that predicts epidermal sublayer transit times,
partitioning of the epidermal calcium gradient between intracellular and extracellular domains, and
the permeability of the tight junction barrier to calcium ions. Comparison of our model’s predictions
of epidermal transit times with experimental data indicates that keratinocytes lose at least 87% of
their volume during their disintegration to become corneocytes. Intracellular calcium is suggested as
the main contributor to the epidermal calcium gradient, with its distribution actively regulated by a
phenotypic switch in calcium exchange between keratinocytes and extracellular fluid present at the
boundary between the stratum spinosum and the stratum granulosum. Formation of the extracellular
calcium distribution, which rises in concentration through the stratum granulosum towards the skin
surface, is attributed to a tight junction barrier in this sublayer possessing permeability to calcium ions
that is less than 15 nm s−1 in human epidermis and less than 37 nm s−1 in murine epidermis. Future
experimental work may refine the presented theory and reduce the mathematical uncertainty present
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in the model predictions.
3.2 Introduction
The calcium distribution within the mammalian epidermis is both an indicator of the skin barrier
function [21] and a regulator of epidermal structure [90]. Here, using a mathematical model, we
propose and examine a theory of the key mechanisms that control the calcium profile in unwounded
epidermis.
3.2.1 The epidermis and its calcium profile
The epidermis consists predominantly of keratinocytes [76]. These cells are continuously being
produced at the bottom of the epidermis, driven to passively migrate towards the skin surface, and
are sloughed away during everyday activity [16]. During this life cycle, keratinocytes express distinct
phenotypic changes which characterise the boundaries of four sublayers of the epidermis:
1. The stratum basale (SB): Keratinocytes proliferate. The exact pattern of proliferation is still a matter
of debate [231], and is suggested to involve either one [63, 64] or two cell types [62]. The single
progenitor theory posits that a single population of slowly-cycling cells maintains epidermal
homeostasis, whilst the more traditional two progenitor theory proposes that the SB consists of
two keratinocyte subpopulations: (1) stem cells, which proliferate slowly and indefinitely, each
time producing one stem cell and one transit amplifying (TA) cell, and (2) TA cells, which divide
symmetrically 3-5 times before leaving the SB [65, 66].
2. The stratum spinosum (SS): Keratinocytes increase in volume [217] and passively migrate towards
the skin surface, displaced from the SB by proliferation there.
3. The stratum granulosum (SG): Keratinocytes become flattened and disintegrate, reducing their
volume [71] and expelling lamellar bodies [19].
4. The stratum corneum (SC): Denucleated and highly flattened keratinocytes, called corneocytes,
combine with lipids from the lamellar bodies exocytosed in the SG, in a “bricks and mortar”
architecture [25] that forms the primary skin barrier [16]. Transepidermal water loss (TEWL)
experiments, which involve progressive tape-stripping of the SC to identify the thickness that
must be removed to cause fluid flow to significantly increase across this sublayer, suggest that this
barrier is only strongly impermeable in the top 4-8µm of the SC [232–234]. Hence we subdivide
this epidermal sublayer into the lower SC (progressive barrier) and upper SC (impermeable barrier).
At the top of the upper SC, intercorneocyte linking structures degrade and corneocytes are shed
from the skin surface [235].
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Epidermal calcium is present in three different localisations: the extracellular fluid (ECF), intracellular
cytosol and intracellular organelles [102]. Calcium concentrations in the ECF and organelles are
significantly higher than in the cytosol [121, 122]. These concentration differences are maintained by
calcium pumps present on the membranes of keratinocytes and their intracellular structures, which
actively remove calcium from the cytosol [123]. If we consider calcium in the ECF as “extracellular”,
and calcium in cytosol and organelles together as “intracellular”, then it is the action of the calcium
pumps on the keratinocyte membrane that is crucial for controlling intracellular and extracellular
calcium levels.
The total epidermal calcium profile, which is a summation of calcium from intracellular and extracellular
localisations, has been quantitatively measured using proton-induced X-ray emission (PIXE) [2, 3, 111,
236, 237], and in unwounded skin these measurements typically adhere to the profile shown in Figure
3.1(a). The total calcium concentration is low in the SB, rises gradually to a peak in the SG (the so-called
“epidermal calcium gradient”), and drops to near-negligible levels in the SC. Because the PIXE technique
has a resolution of ∼10µm [227], it is unclear whether the calcium drop towards the skin surface occurs
at the SG-SC interface or further into the SC: the latter interpretation is quite feasible since the skin’s
primary barrier might only be fully formed in the upper SC, based on the previously discussed TEWL
experiments. PIXE cannot distinguish between the intracellular and extracellular contributions to the
epidermal calcium profile.
On the other hand, the intracellular and extracellular epidermal calcium profiles have been measured
separately using ion capture cytochemistry [238, 239], but only semi-quantitatively [4–6]. As indicated
in Figure 3.1(b), both intracellular and extracellular profiles qualitatively agree with the total profiles
obtained from PIXE, but it is difficult to make additional interpretations from this semi-quantitative
data.
For the past decade, the presence of the epidermal calcium profile has been attributed solely to the
presence of the SC barrier [118], which is thought to act as a sieve, selectively allowing water but
not calcium to leave the viable epidermis [51]. When the epidermis is wounded, its calcium profile
disappears rapidly then reappears gradually with restoration of the skin’s barrier function [21,117,240].
This observation fits easily within the conventional sieve view of epidermal calcium profile formation,
as the removal of the SC simply removes the impetus for the calcium gradient to form.
However, recent measurements of the epidermal calcium distribution using fluorescent lifetime imaging
[51, 52] have brought this view into question. These measurements demonstrated that the bulk of
free calcium is present in intracellular organelles [51], and that epidermal barrier disruption triggers
a mobilization of high amounts of calcium from these stores [52]. This prompted the questioning of this
conventional view that the epidermal calcium profile is regulated only passively by the SC. In Chapter
2 we used a mathematical model to determine that this profile is largely intracellular and regulated
by sublayer-specific changes in the action of keratinocyte membrane pumps. In the current chapter,
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Figure 3.1: Schematic of the epidermal calcium distribution: (a) typical shape of the total profile found
quantitatively using PIXE [2, 3] and (b) typical shape of the semi-quantitative intracellular ([Cai]) and
extracellular ([Cae]) profiles measured using ion capture cytochemistry [4–6].
we extend this analysis further, to propose that there are three key mechanisms that control epidermal
calcium profile formation in unwounded skin: the passive impermeable barrier of the SC, tight junction-
limited calcium diffusion in the SG, and a phenotypic switch in calcium exchange between keratinocytes
and extracellular fluid at the SS-SG boundary. We also investigate the contribution of the stem and TA
cell subpopulations of the SB, volume changes of keratinocytes in the SS, and calcium located in the
lower SC, to the formation of the calcium profile of unwounded epidermis.
3.2.2 Proposed key mechanisms regulating the calcium profile
Our proposed theory is presented schematically in Figure 3.2. We treat the calcium present in the cytosol
and organelles within keratinocytes together as intracellular calcium, with the majority of this calcium
likely to be confined to the keratinocyte organelles [122]. Most epidermal calcium is present in this
intracellular calcium [51], which possesses a distinct spatial profile that forms as follows. Membrane
pumps on keratinocytes act to accumulate calcium intracellularly from the ECF in the SB and SS, and in
the SG this behaviour reverses to calcium expulsion into the ECF (Chapter 2), emptying the intracellular
stores [52] so that corneocytes in the upper SC contain negligible levels of intracellular calcium. These
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mechanisms yield an intracellular calcium profile that is low in the SB, rises gradually towards a peak in
the SG, and drops rapidly in the SC, in agreement with the experimental observations for both the total
and intracellular profiles (see Figures 3.1(a) and 3.1(b)).
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Figure 3.2: Proposed conceptual model of epidermal calcium profile formation in unwounded skin.
The extracellular calcium profile, which possesses far less calcium due to the small volume of the
epidermis occupied by the ECF [51, 221], forms as follows. The ECF is essentially water [229], and
hence extracellular calcium in the SB and SS diffuses rapidly to near-constant levels throughout these
sublayers (Chapter 2). In the SG, cell-cell adhesions known as tight junctions (TJs) are located apically
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between the lateral membranes of neighbouring keratinocytes [44, 45], and form a permeability barrier
to calcium ions [27, 28] that reduces the rate of extracellular calcium diffusion there. Because calcium
is continuously being expelled by keratinocytes near the skin surface, this TJ-limited calcium diffusion
in the SG causes the extracellular calcium concentration to be slightly elevated there, negligibly
affecting the calcium levels in the underlying SB and SS. Lipids cannot be responsible for this elevated
extracellular calcium concentration in the SG because they are localised only at the SG-SC boundary
prior to their contribution as the “mortar” of the SC barrier. Extracellular calcium cannot enter the
upper SC due to its barrier function, in agreement with the TEWL experiments [232–234]. These
mechanisms together yield an extracellular calcium profile which is nearly constant in the SB and
SS, rises in the SG, and drops rapidly in the SC, in agreement with experimental observations of the
extracellular profile (see Figure 3.1(b)).
3.3 Methods
3.3.1 Main equations
We mathematically model the epidermis as a saturated porous medium [195]. This modelling strategy
has been used previously to consider avascular tumour growth [202–204] and cell behaviour within an
artificial scaffold [191], justified for the viable sublayers in Chapter 2, and proposed for modelling the
SC of the epidermis by Kitson and Thewalt [241].
As a porous medium, we assume that keratinocytes behave uniformly and are analogous to soil
particles, and the surrounding ECF is analogous to the water that saturates the soil system. We
assume that keratinocytes and ECF are comprised of an identical, incompressible fluid. Calcium is
always dissolved in the cells or ECF. Calcium contained in the cytosol and intracellular organelles of
cells are considered together simply as intracellular calcium. This simplification means that we do not
specifically consider the intracellular dynamics of calcium exchange between the cytosol and organelles.
We cannot discount the possibility that the intracellular calcium dynamics may play an important role
in the partitioning of calcium between intracellular and extracellular domains, although investigating
this is beyond the scope of the present work. As we are only interested here in identifying the
extracellular and intracellular contributions to the epidermal calcium profile, consideration of cytosolic
and organelle calcium separately is not necessary to investigate our proposed theory. Experimentally,
intracellular calcium waves are known to propagate between adjacent keratinocytes [213], but these
waves negligibly affect the epidermal calcium profile. Hence, in our model calcium cannot travel
directly between keratinocytes, but rather can only be exchanged between cells and the surrounding
ECF.
We assume that both the structure and calcium profile of the epidermis have reached a distribution
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that is stable and unchanging with time. Because of this we consider only one spatial direction z
perpendicular to the skin surface. For this simplification, we ensured that any model parameters
recorded for the three-dimensional case are also appropriate for the one-dimensional case. The main
equations of our model, derived from mass conservation equations for the fluid and calcium present
both in cells and ECF, are identical to those from Chapter 2, but with one important exception.
We do not specify the ECF velocity, because it will be unpredictably modified by TJs [132] and
aquaporins [242, 243], neither of which were considered in Chapter 2. (The ECF velocity will be shown
to have no bearing on the results of this chapter, including the calculation of extracellular calcium
velocity, if the TJ barrier permeability satisfies an applicability condition that we define later in Section
3.3.5.) With all these considerations in mind, the main equations of our model are
d
dz
(φui) = f, (3.1a)
d
dz
(ρciui) = g, (3.1b)
d
dz
(ρceuce) = −g, (3.1c)
where φ is the cell volume fraction, ρci and ρce are the superficial intracellular and extracellular calcium
concentrations respectively, ui and uce are the physical velocities of the cells and extracellular calcium
respectively, f is the rate of change of cell volume fraction due to fluid exchange between ECF and
cells, and g is the rate of change of superficial intracellular calcium concentration due to calcium
exchange between ECF and cells. Functions f and g are positive when fluid and calcium respectively
are being transferred from ECF to cells, and negative when fluid and calcium respectively are being
transferred from cells to ECF. We will use equations (3.1a)-(3.1c), together with defined boundary
conditions, to derive equations for calculating: keratinocyte velocity profiles ui(z) and transit times
through the epidermis, the intracellular calcium profile ρci(z) and pattern of calcium exchange between
keratinocytes and the ECF g(z), and the dependence of the extracellular calcium profile ρce(z) on the
permeability of the TJ barrier to calcium ions.
3.3.2 Model domain and boundary conditions
In this section, we define the model domain and provide two boundary conditions each for ui(z), ρci(z)
and ρce(z) as part of our proposed theory, although not all of these conditions will be necessary for
our subsequent analysis. (The unused boundary conditions are stated here because (1) they form part
of our conceptual theory of the epidermal calcium profile formation, and (2) their definition here may
be useful for any future research that requires their specification.) The epidermal sublayers shown in
Figure 3.2 are defined as follows: the SB in 0≤ z≤ z1, the SS in z1<z≤ z2, the SG in z2<z≤ z3, the
lower SC in z3<z≤ z4 and the upper SC in z4<z≤ z5. We assume that the two progenitor theory holds
for human and murine epidermis [62]. In the two progenitor theory, the SB consists of stem cell and TA
cell subpopulations which are suggested to form two spatially separate compartments [59, 61]. Hence
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we subdivide the SB into compartments consisting of stem cells, 0≤ z≤ θz1, and TA cells, θz1<z≤ z1,
where θ is the volume fraction of the SB occupied by stem cells.
In our model, equation (3.1a) defines the dynamics of epidermal cells, whilst equations (3.1b) and (3.1c)
define the dynamics of epidermal calcium. Because keratinocytes occupy all sublayers of the epidermis,
the model domain for equation (3.1a) is 0≤ z≤ z5. Keratinocytes cannot pass through the BM (z= 0)
but are continuously expelled at the skin surface (z= z5), sloughed away during everyday activity [16].
Hence the boundary conditions for equation (3.1a) are
ui(0) = 0, (3.2a)
ui(z5) > 0. (3.2b)
Our description of epidermal calcium profile formation treats the lower SC as a progressive barrier and
the upper SC as an impermeable barrier to fluid and ion flow, based on TEWL experiments [232–234]
and the observation of non-negligible calcium levels in the lower SC [6]. In our model we simplify
this to treat the boundary between the lower and upper SC, denoted z4, as the impermeable barrier to
transport of fluid and ions. Hence the model domain for equations (3.1b) and (3.1c) is 0≤ z≤ z4.
Intracellular calcium cannot travel across the BM because it is contained within keratinocytes, and is
completely absent in the corneocytes of the upper SC [5, 117]. Hence the boundary conditions for
equation (3.1b) are
ρci(0)ui(0) = 0, (3.2c)
ρci(z4) = 0. (3.2d)
The calcium present in the epidermis originates from movement of fluids and calcium across the
BM [116], which at steady state must therefore act as a source of extracellular calcium with constant
and positive concentration ρ0. Extracellular calcium is prevented from entering the upper SC by the
impermeable barrier acting at z4. Hence the boundary conditions for equation (3.1c) are
ρce(0) = ρ0, (3.2e)
ρce(z4)uce(z4) = 0. (3.2f)
For the analysis performed in this chapter, we will only explicitly require two of the six boundary
conditions listed here, equations (3.2a) and (3.2f).
3.3.3 Calculating keratinocyte velocity profiles and transit times
Using equation (3.1a), the keratinocyte velocity profile ui(z) is estimated from profiles that we now
define for the cell volume fraction, φ(z), and volume exchange between cells and ECF, f(z). We specify
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f(z) as
f(z) =

s0φ, 0 ≤ z ≤ θz1,
s1φ, θz1 < z ≤ z1,
s2φ, z1 < z ≤ z2,
−s3φ, z2 < z ≤ z3,
0, z3 < z ≤ z5.
(3.3)
This form expresses the different proliferation rates s0 and s1 of stem and TA cells in the SB [226], the
rate of volume increase s2 for keratinocytes migrating through the SS [217], the rate of volume decrease
s3 for keratinocytes migrating through the SG [71], and the relative structural inertness of corneocytes
in the SC [55].
The cell volume fraction φ is assumed to be constant and equal to φv throughout both the viable
sublayers (SB, SS and SG) and the lower SC [182]. The “bricks and mortar” architecture of the upper
SC [25] constitutes a slow-moving relatively impenetrable barrier to fluid transport [74], equivalent to
a sublayer consisting solely of keratinocyte-derived contents (φ= 1). Hence the cell volume fraction
profile φ(z) is specified as
φ(z) =
φv, 0 ≤ z ≤ z4,1, z4 < z ≤ z5. (3.4)
The superficial keratinocyte velocity φui is assumed to be continuous at each of the sublayer boundaries,
to ensure that cell mass flow is continuous throughout the epidermis. This consideration, together with
equations (3.1a), (3.2a), (3.3) and (3.4), yield the keratinocyte velocity profile ui(z) as
ui(z) =

s0z, 0 ≤ z ≤ θz1,
ui(θz1) + s1(z − θz1), θz1 ≤ z ≤ z1,
ui(z1) + s2(z − z1), z1 ≤ z ≤ z2,
ui(z2)− s3(z − z2), z2 ≤ z ≤ z3,
ui(z3), z3 ≤ z ≤ z4,
φvui(z4), z4 < z ≤ z5.
(3.5)
Because the keratinocyte stem cell region 0 ≤ z ≤ θz1 is approximately one cell thick, our continuum
model-predicted value of ui(z) in this region (zero at the BM and increasing linearly towards the skin
surface, see equation (3.5)) is at such a small length scale that it probably does not represent a measurable
spatial velocity profile. However, it is a valuable inclusion in equation (3.5) because the cell velocity at
its upper boundary, ui(θz1), approximates the initial velocity of TA cells due to the underlying stem
cell proliferation. Rates s2 and s3 are obtained from empirical observations of the ratio of keratinocyte
volumes between the upper and lower boundaries of the SS, V1> 1 (net volume increase from lower to
upper boundary), and the SG, V2< 1 (net volume decrease from lower to upper boundary), respectively,
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by use of the equations
s2 =
ui(z1)
z2 − z1 (V1 − 1), (3.6a)
s3 =
ui(z2)
z3 − z2 (1− V2). (3.6b)
Equations (3.6a) and (3.6b) can be obtained using mathematical procedures similar to the derivation of
s2(R) provided in Additional Material B at the end of Chapter 2, Section 2.B.
Using the cell velocity profiles ui(z) defined by equations (3.5), (3.6a) and (3.6b), transit times through
the various epidermal sublayers are calculated via
τ(za, zb) =
∫ zb
za
dz
ui(z)
, (3.7)
where τ(za, zb) is the average time taken for a keratinocyte to move from height above the BM za to
height zb. We assume that the transit through the SB can be approximated by the transit through the
TA cell compartment, because the volume of SB occupied by stem cells is negligible compared to TA
cells [216], and stem cells possess theoretically infinite transit time because they may never leave the SB.
Hence, from equations (3.5) and (3.7) the epidermal transit times are given by
τSB ≈ τ(z0, z1) = 1
s1
ln
(
ui(z1)
ui(z0)
)
, (3.8a)
τSS = τ(z1, z2) =
1
s2
ln(V1), (3.8b)
τSG = τ(z2, z3) = − 1
s3
ln(V2), (3.8c)
τSC = τ(z3, z5) =
1
ui(z3)
(
z4 − z3 + z5 − z4
φv
)
. (3.8d)
3.3.4 Calculating profiles of intracellular calcium and calcium exchange
In this section we show how the intracellular calcium profile ρci(z) and calcium exchange between
keratinocytes and ECF g(z), can be estimated from the total epidermal calcium profile ρ(z). The total
calcium profile is a summation of intracellular and extracellular calcium profiles,
ρ(z) = ρci(z) + ρce(z), (3.9)
but extracellular calcium provides only a small contribution to the total calcium profile in the epidermis
(Chapter 2). Hence, to estimate the intracellular calcium profile ρci(z) from the total calcium profile
ρ(z) using equation (3.9), at the scale of ρ(z) we approximate the extracellular calcium distribution by a
constant equal to its mean value throughout the epidermis,
ρce(z) ≈ rρce(0). (3.10)
Here, r is a nondimensional factor equal to the ratio of the mean extracellular calcium concentration of
all sublayers enclosed by [0, z4] to its concentration at the BM, and whose uncertainty bounds express
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the variation of the extracellular calcium concentration throughout these sublayers. The BM levels of
total and extracellular calcium are related by
ρ(0) =
ρce(0)
1− φv , (3.11)
an equation that was derived in Additional Material C at the end of Chapter 2, Section 2.C, under two
assumptions: (1) the motion of calcium across the BM only involves transfer between the free dermal
and extracellular epidermal calcium, and (2) the BM provides no barrier for this transfer.
Combining equations (3.9)-(3.11), the intracellular calcium profile can be estimated from the total
calcium profile via
ρci(z) ≈ ρ(z)− r(1− φv)ρ(0). (3.12)
Equations (3.5) and (3.12) can be used to estimate the keratinocyte velocity profile ui(z) and intracellular
calcium profile ρci(z). Similarly to Chapter 2, the pattern of calcium exchange g(z) between cells and
ECF can then be calculated from these two profiles using equation (3.1b),
g(z) =
d
dz
(ρci(z)ui(z)).
In the following, we derive equations that link the extracellular calcium distribution to the permeability
of the TJ barrier.
3.3.5 The effect of tight junctions on extracellular calcium diffusion
TJs regulate the extracellular flow of calcium ions in the SG [27,28], and we model this as a reduction in
the rate of extracellular calcium diffusion there. This effect is introduced through the term representing
extracellular calcium flux, ρceuce, that appears in equation (3.1c). The extracellular calcium flux ρceuce
may consist of contributions from both diffusion and advection, the latter of which we expect to
be negligible in epidermal sublayers where TJs are not present (Chapter 2). However, in epidermal
sublayers where TJs are present, for advection to be negligible compared to diffusion we must ensure
explicitly that the Pe´clet number, Pe, satisfies
Pe =
zˆ|ue|
D
 1, (3.13)
where zˆ ≤ z4 is the characteristic length scale over which the effects of diffusion and advection are being
compared, |ue| is the ECF velocity that characterises the advective contribution, and D is the Fickian
diffusion coefficient that characterises the diffusive contribution. In this chapter we limit our analysis to
cases for which inequality (3.13) is satisfied. We specify the extracellular calcium diffusion coefficient as
D(z) =

DCa, 0 ≤ z ≤ z2,
εCaDCa, z2 < z ≤ z3,
DCa, z3 < z ≤ z4,
(3.14)
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where DCa is the physical diffusion coefficient of calcium in the ECF in the absence of TJs, and εCa
represents the factor reduction in diffusion coefficient DCa induced by the presence of TJs.
In equation (3.14) we have assumed that TJs are evenly spread throughout the SG, and that they are
mostly absent in other sublayers. Whilst structures similar to the disassembly of TJs have been observed
at the SG-SC interface [244] and TJ-like structures have been observed in the SC [245], for simplicity we
assume that these structures provide no restriction on extracellular calcium ion flow there.
The permeability of a barrier can be written as a ratio of the diffusion coefficient of the substance within
the barrier to the barrier’s width [246]. Hence the permeability of the TJ barrier to calcium, PCa, which
spans the SG z2 to z3, and has local diffusion coefficient there of εCaDCa according to equation (3.14), is
PCa =
εCaDCa
z3 − z2 . (3.15)
Combining equations (3.13)-(3.15), we find that the inequality
PCa  |ue|, (3.16)
is identical to the requirement given by inequality (3.13). Inequality (3.16) demonstrates that the
permeability of the TJ barrier must be significantly larger than the local ECF velocity in order to
disregard the contribution of advection to extracellular calcium dynamics. From Chapter 2 we expect
that max{|ue|} is O(1 nm s−1) in the absence of TJs and aquaporins and hence we require
PCa  O(1 nm s−1), (3.17)
which effectively places a lower limit on the possible values of PCa that we investigate here. In summary,
we include the effect of tight junctions on extracellular calcium dynamics in our model by assuming that
the extracellular calcium flux ρceuce in equation (3.1c) is dominated by Fickian diffusion with coefficient
D defined by equation (3.14), and this approach is valid if the permeability of the TJ barrier in the SG
satisfies inequality (3.17).
3.3.6 Calculating the extracellular calcium profile
To derive an expression for the extracellular calcium profile ρce(z), we first equate (3.1b) and (3.1c)
through the common term g, and assume that Fickian diffusion is the dominant contribution to the
extracellular calcium flux, ρceuce = −D dρce/dz, to obtain
d
dz
(ρciui) =
d
dz
(
D
dρce
dz
)
. (3.18)
Both sides of equation (3.18) are then integrated with limits z and z4. We thereafter substitute boundary
condition (3.2f), which yields
dρce
dz
(z) =
1
D(z)
(ρci(z)ui(z)− ρci(z4)ui(z4)) . (3.19)
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In epidermal sublayers where TJs are not present (i.e. everywhere except the SG), extracellular calcium
kinetics are sufficiently dominated by diffusion that ρce is constant (Chapter 2). Hence, replacing z by
z′ in equation (3.19), integrating this equation with limits 0 and z, and substituting equations (3.14) and
(3.15), yields
ρce(z) =

ρce(0), 0 ≤ z ≤ z2,
ρce(0) +
∫ z
z2
ρci(z
′)ui(z′)− ρci(z4)ui(z4)
(z3 − z2)PCa dz
′, z2 ≤ z ≤ z3,
ρce(z3), z3 < z ≤ z4.
(3.20)
In this equation, ρci(z) can be calculated from ρ(z) using equation (3.12). Hence, equation (3.20)
expresses the extracellular calcium profile ρce(z) in terms of ρ(z), ui(z) and PCa, if inequality (3.17) is
satisfied.
3.3.7 Relationship between tight junctions and the extracellular calcium profile
Finally, to clearly demonstrate the effect of the TJ barrier on the extracellular calcium profile, we define
Rce as the rise in extracellular calcium through the SG,
Rce =
ρce(z3)
ρce(z2)
. (3.21)
From equations (3.20) and (3.21), the relationship between the rise in extracellular calcium concentration
through the TJ barrier in the SG, Rce, and the permeability of this barrier, PCa, can be written in the
elegant form
Rce = 1 +
P0
PCa
, (3.22)
where P0 is a constant that depends on the epidermal keratinocyte velocity and calcium profiles,
P0 =
1
(z3 − z2)ρce(0)
∫ z3
z2
(ρci(z)ui(z)− ρci(z4)ui(z4))dz. (3.23)
Using equations (3.22) and (3.23), the effects of a range of values for the permeability of the TJ barrier to
calcium PCa on the defining feature of the extracellular calcium profile (its rise through the SG, Rce) can
be easily investigated, once the value of P0 is known.
3.4 Results
The key predictions of our model are presented here. All mathematical equations were stated and
derived in Section 3.3. All parameters are stated in Table 3.1, and were obtained from experimental
literature as detailed in the Additional Material at the end of this chapter, Section 3.A. In our calculations
we also used the total calcium profiles ρ(z) for human and murine epidermis reported in [2] and [3]
respectively. All uncertainty bounds were calculated using error propagation formulae described by
Mandel [247] and Ku [248], under the assumption that the error distributions of all parameters were
independent (i.e. zero covariance).
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Parameter Value and Reference
Human Murine
Stem cell volume fraction of the SB, θ 0.055±0.045 [216] 0.055±0.045 [216]
Heights above the BM:
SB-SS boundary, z1 45µm [249] 20µm [3]
SS-SG boundary, z2 75µm [249] 60µm [3]
SG-SC boundary, z3 105µm [249] 90µm [3]
Inner SC-outer SC boundary, z4 118.5±1.5µm [2, 232, 233] 94±2µm [3, 234]
Skin surface, z5 125µm [2] 100µm [3]
Keratinocyte volume ratio SG:SB, V1 1.9±0.5 [67] 2.8±1.4 [68, 250]
Keratinocyte volume ratio SC:SG, V2 0.54±0.10 (original) [71], 0.068±0.03 [68, 70, 250]
0.100±0.026 (modified) [67, 70]
Proliferation rate of stem cells, s0 5.6×10−7 s−1 [226] 1.4×10−6 s−1 [226]
Proliferation rate of TA cells, s1 (1.7±1.1)×10−6 s−1 [8, 215] (2.8±1.3)×10−6 s−1 [230]
Physical diffusion coefficient of
calcium in the ECF, DCa
10−9 m2 s−1 [218–220] 10−9 m2 s−1 [218–220]
Cell volume fraction in viable
epidermis and lower SC, φv
0.955±0.025 [51] 0.9925±0.0025 [221]
Ratio of the extracellular calcium
distribution to its BM value, r
1.1±0.6 [5, 6] 1.25±0.75 [4]
Table 3.1: Parameter values used in Chapter 3.
3.4.1 Epidermal transit times and keratinocyte velocities
Using equations (3.5)-(3.8) of our model, transit times through individual sublayers of human and
murine epidermis were calculated. Our model’s predictions of transit times mostly compared
favourably with the literature values, as shown in Figure 3.3, although it is difficult to quantitatively
compare these values due to the large uncertainty present in the transit times both from the literature
and predicted by our model. The uncertainty in our model predictions of transit time is due to the
uncertainty present in model parameters (Table 3.1), all of which were obtained from the experimental
literature. Hence, a better quantitative comparison of transit times from the literature and model
requires experimental data possessing reduced uncertainty. We could not find literature values of
transit time through murine SB so did not include comparisons for these.
The model prediction of transit time through human SC was much smaller than two of the three
corresponding literature estimates. We attributed this discrepancy to our parameter estimate for human
V2 = 0.54±0.10, which was much larger than the estimate for murine V2 = 0.068±0.034, the latter of
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(a) Transit times in human epidermis.
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(b) Transit times in murine epidermis.
Figure 3.3: Epidermal sublayer transit times from experimental literature and our model predictions.
(a) Human literature values from [7–11]. (b) Murine literature values from [12–14].
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which led to reasonable predictions of murine transit times. Hence, we modified our estimate of human
V2 to 0.100±0.026, a value which was calculated from division of literature values for murine V1× V2 by
human V1 (see the Additional Material at the end of this chapter, Section 3.A). The resulting predicted
transit time for human SC agreed far better with the literature values for this transit time (Figure 3.3(a)).
Because this modification of V2 created agreement between estimates of keratinocyte volume size
changes and transit times through our model, our analysis suggests that keratinocytes lose at least 87%
of their volume during their disintegration in the SG, in both human and murine epidermis.
Keratinocyte velocity profiles ui(z) calculated using equations (3.5), (3.6a) and (3.6b) are shown in Figure
3.4. For the calculation of the human ui(z) profile, the modified V2 was used. Regardless of the value of
human V2, in our model results there was little difference between the keratinocyte velocity distributions
in the lower sublayers of human and murine epidermis. This conclusion extends to the upper sublayers
if the keratinocyte volume decrease through human SG agrees with our modified value for V2 (i.e.
90.0±2.6% volume reduction).
3.4.2 The extracellular calcium rise mediated by tight junctions
Figures 3.5(a) and 3.5(b) show the relationships between the rise in extracellular calcium through the SG
and the permeability of the TJ barrier there, for human and murine epidermis respectively, that were
predicted by our model using equations (3.22) and (3.23). Results are only shown for PCa ≥ 5 nm s−1
in order to satisfy applicability condition (3.17). As indicated by equation (3.22), each of these plots is
characterised by one parameter P0 which depends on the epidermal keratinocyte velocity and calcium
profiles; to construct Figures 3.5(a) and 3.5(b) we obtained P0 = 3.8±3.2 nm s−1 and P0 = 10±8 nm s−1
for human and murine epidermis respectively. From these values, we calculated the permeability of
the TJ barrier by assuming that the extracellular calcium concentration rises by at least 50% across the
SG (i.e. Rce = 1.5), based on experimental data for extracellular calcium distributions (see Table 3.A in
the Additional Material at the end of this chapter). This calculation yielded TJ barrier permeabilities to
calcium ions of PCa< 15 nm s−1 for human epidermis and PCa< 37 nm s−1 for murine epidermis.
3.4.3 Extracellular and intracellular calcium profiles
Extracellular and intracellular epidermal calcium profiles, predicted from total calcium profiles ρ(z)
and keratinocyte velocity profiles ui(z) using the equations of our model, are shown in Figures 3.6(a)
and 3.6(b) for human and murine epidermis respectively. The intracellular calcium profiles ρci(z) were
nearly identical to the experimental total calcium profiles [2, 3] from which they were calculated. The
extracellular calcium profiles ρce(z), calculated using equation (3.20), possessed constant concentration
in the SB and SS due to rapid diffusion of this calcium throughout the ECF, and a rise through the SG
due to the presence of TJs (see Figure 3.2). In Figures 3.6(a) and 3.6(b) we chose the permeability of
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(b) Cell velocity in murine epidermis.
Figure 3.4: Keratinocyte velocity profiles predicted by our model, expressed as mean (solid lines) ± SD
(dashed lines).
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(a) Rce(PCa) in human epidermis.
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(b) Rce(PCa) in murine epidermis.
Figure 3.5: Dependence of the extracellular calcium rise through the SG on the TJ permeability to calcium
predicted by our model, expressed as mean (solid lines) ± SD (dashed lines).
the TJ barrier to calcium as PCa = 8 nm s−1 and PCa = 20 nm s−1 for human and murine epidermis
respectively, as these values yielded a calcium rise through the SG of Rce ≈ 1.5 in qualitative agreement
with the experimental data (see Table 3.A in the Additional Material at the end of this chapter). These
values of TJ permeability barrier (8 nm s−1 for human epidermis and 20 nm s−1 for murine epidermis)
also clearly satisfy the previously stated inequalities of PCa < 15 nm s−1 for human epidermis and
PCa < 37 nm s−1 for murine epidermis.
Patterns of calcium exchange g(z) between keratinocytes and the ECF, predicted using equation (3.1b),
are shown in Figures 3.7(a) and 3.7(b) for human and murine epidermis respectively. In both plots, a
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Figure 3.6: Physical intracellular and extracellular epidermal calcium profiles predicted by our model,
for (a) human epidermis with PCa = 8 nm s−1, and (b) murine epidermis with PCa = 20 nm s−1.
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(a) Cellular Ca2+ influx in human epidermis.
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(b) Cellular Ca2+ influx in murine epidermis.
Figure 3.7: Keratinocyte calcium influx profiles g(z) in the epidermis predicted by our model.
distinct switch in calcium exchange from cellular influx (positive) to outflux (negative) was predicted at
the SS-SG boundary, in agreement with our theory (Figure 3.2).
3.5 Discussion
In this chapter we investigated the hypothesis that the intracellular and extracellular epidermal calcium
profiles in unwounded skin are attributed to three key mechanisms: (1) the primary SC barrier which
selectively allows water but not calcium to leave the epidermis [118], (2) progressive intracellular
calcium accumulation through the lower epidermal sublayers [51] followed by a phenotypic switch at
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the SS-SG boundary to expulsion of intracellular calcium to the ECF above this boundary (Chapter 2),
and (3) reduced diffusion of extracellular calcium ions in the SG due to the secondary TJ barrier [45]
which together with the aforementioned expulsion of calcium from intracellular stores causes the
extracellular calcium concentration to become elevated towards the skin surface [27]. This hypothesis
was formulated in a mathematical model (Section 3.3) that predicts intracellular and extracellular
calcium profiles in human and murine epidermis (Figure 3.6) which agree well with semi-quantitative
experimental data available for these profiles [4–6].
We first parameterised the keratinocyte velocity profiles in human and murine epidermis, which is
a requirement for the proper investigation of intracellular calcium dynamics. The calculation of these
velocity profiles improves over our previous model (Chapter 2) by including consideration of the slower
cycling stem cell subpopulation of the SB [226] and the keratinocyte volume changes through the SS
[217], and validating the velocity profiles against several sources of experimental data for keratinocyte
transit times in the SB (human only) and the three suprabasal sublayers (SS, SG and SC).
The presence of stem cells in interfollicular epidermis is currently a hotly debated topic [62, 63]. Stem
cells have little effect on the keratinocyte velocity profiles and subsequent calculations due to their small
potential occupancy of the SB (1-10%, [216]), but their inclusion in the present model is advantageous as
it allows validation of these profiles against transit times in the SB. Although our model assumed that
the traditional two progenitor theory holds, it can be reduced to the single progenitor theory by setting
θ = 0, in which case s1 is the proliferation rate of these progenitors.
The validation of keratinocyte velocity profiles against epidermal transit time data (Figure 3.3) was
made somewhat difficult by the uncertainty in both our predicted velocity profiles and the data. Despite
this, the validation clearly supported the modification of one of our parameters, the volume change in
keratinocytes through the SG for human epidermis (V2), from its value used in our previous model of
unwounded epidermis (R = 1 − V2, Chapter 2). Our results suggested that keratinocytes in human
epidermis may reduce their volume by approximately 10-fold during terminal differentiation and that
this reduction may be even larger in murine epidermis.
We next investigated the effect of the permeability of the TJ barrier to calcium ions, PCa, on the
extracellular calcium distribution. Our model predictions of PCa carry large uncertainty due to the
cumulative uncertainty in all parameters used to calculate them, and are only applicable if PCa is
significantly greater than O(1 nm s−1). Despite these limitations, we found that a value of PCa that is
less than 15 nm s−1 for human epidermis and less than 37 nm s−1 for murine epidermis is sufficient
to cause the extracellular calcium distribution to rise by at least 50% across the SG, which is a typical
pattern seen in the experimental semi-quantitative calcium profiles measured using ion capture
cytochemistry [4–6]. Kirschner et al. [28] recently reported that the permeability of the TJ barrier to
calcium ions in cultured primary human keratinocytes was 40-80 nm s−1 within 1-4 days after a switch
to high calcium medium (this switch is the key step in triggering keratinocytes to stratify in vitro [90]).
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These larger experimentally-found values of PCa, which indicate a reduced TJ barrier to calcium
ions, may be attributable to the impaired barrier formation demonstrated by cultured keratinocytes
compared to native skin [6].
To further elucidate this point, the transepithelial resistance (TER) of the TJ barrier in the submerged
human keratinocytes reported by Kirschner et al. [28] reached a steady-state value of ∼150 Ω cm2 after 4
days. In contrast, Sun et al. [251] and Petrova et al. [252] reported that the TER of the TJ barrier in human
epidermal equivalents grown at an air-liquid interface (which yields a better representation of native
epidermis than submerged keratinocytes [253]) rose to over 1000 Ω cm2 prior to formation of the lipid
barrier. TER is the most common experimental measure of TJ barrier permeability [254], and is inversely
related to it [141]. These considerations together suggest that the permeability of the TJ barrier should
be less in native epidermis than in submerged keratinocytes grown in vitro. This agrees with our model
prediction of a TJ barrier permeability to calcium ions in human epidermis that is less than the TJ barrier
permeability to calcium ions experimentally observed in cultured human keratinocytes [28].
Finally, we calculated profiles of intracellular calcium, extracellular calcium and the exchange between
these two (Figures 3.6 and 3.7), from experimentally-reported total calcium profiles for human
epidermis [2] and murine epidermis [3]. For the calculation of extracellular calcium profiles, we set the
value of the calcium permeability of the epidermal TJ barrier so that it approximates an extracellular
calcium concentration rise of 50% through the SG. The resulting profiles (Figure 3.6) indicate that the
physical intracellular calcium concentration is typically greater than the physical extracellular calcium
concentration. Bearing in mind that intracellular and extracellular calcium are present in cells and
ECF which occupy ≥93% and ≤7% of the epidermal volume respectively [51, 221], our model clearly
predicts that intracellular calcium is the main source of the epidermal calcium profile (as in Chapter 2).
The predicted pattern of calcium exchange between keratinocytes and the ECF (Figures 3.6(a) and 3.6(b))
is significantly modified from our previous calculations of this pattern in Chapter 2 (Figures 2.4(c) and
2.4(d)), due to the improved parameterisations used here for the keratinocyte volume changes through
the SS and the SG, the former of which was assumed to be negligible in our previous model. The updated
predictions cast doubt over the assertions in Chapter 2 that calcium influx is constant in the SB and SS
and that there is a calcium influx peak in the lower SG potentially due to loss of plasma membrane
Ca2+-ATPase [225]. However, the improved parameterisations confirm the key finding of Chapter 2 that
a change in calcium exchange from cellular influx to outflux actively regulates the epidermal calcium
profile. The results of the current chapter provides stronger evidence that this active regulation is caused
by a phenotypic switch localised to the SS-SG boundary (Figure 3.7).
Whilst our quantitative theory is able to predict the key features of intracellular and extracellular
calcium profiles in unwounded epidermis, it has some potential weaknesses. We have assumed that
the SC and TJ barriers are inert entities which regulate the epidermal calcium profile without any
existing feedback processes, which is reasonable for considering unwounded epidermis as it represents
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a steady state condition. However, the formation of these barriers is likely to be dependent both on each
other [255] and on the presence of the local calcium concentration [256,257]. Hence this model cannot be
immediately extended to consider temporal dynamics of wounded skin without specifying additional
assumptions about the effects of epidermal calcium on the TJ and SC barriers. This is especially
important since the rapid secretion by keratinocytes of lamellar bodies (the precursor to lipids that
form the “mortar” component of the SC barrier) following barrier disruption is primarily controlled
by calcium ions in the SG [19]. Whilst our conceptual model provides a feasible explanation for the
formation of the calcium profile, especially as model parameters were obtained from experimental
data, we cannot rule out the possibility of the contribution to this profile from other factors, such as the
lipid barrier [255], electrophoresis [49], or binding of calcium to molecules such as profilaggrin [258].
In addition, if the factors that contribute substantially to the epidermal calcium profile occur on length
scales of cells or smaller, our mathematical treatment of the epidermis as a porous medium may not be
appropriate, and individual cell-based models (e.g. [47, 50]) are more suitable.
Our estimates of the TJ barrier permeability to calcium may require revision if the width of this
barrier is larger or smaller than the SG. The effective TJ barrier may be larger than the SG if the TJ-like
structures observed in the SC [245] reduce the extracellular calcium diffusion rate sufficiently there to
yield protrusion of the extracellular calcium rise into the lower SC. On the other hand, the width of the
TJ barrier may be smaller than the thickness of the SG, as recent experiments in mouse ear epidermis
have suggested that only the TJs forming apically between the second of three cell monolayers of the
SG are primarily responsible for its barrier [259]. Future experimental work may resolve this question
about the localisation of TJ barrier function.
The investigations of the TJ barrier with our model were also limited to values for its permeability to
calcium that satisfy inequality (3.17), which mathematically states the assumption that the TJ barrier
permeability is significantly larger than the local ECF velocity in the absence of TJs. ECF flow is
likely to be important for maintaining healthy unwounded epidermis, as occlusion of wounded skin
by a vapour-permeable dressing (which permits low rates of transcutaneous water movement) is
an adequate substitute for the SC whilst a vapour-impermeable dressing is not [118]. Future direct
measurements of the TJ barrier permeability to calcium ions in native epidermis will hopefully confirm
the applicability of inequality (3.17) and our subsequent mathematical theory relating the TJ barrier
permeability to the extracellular calcium profile.
In conclusion, we have proposed and mathematically investigated a theory of calcium profile formation
in unwounded mammalian epidermis governed by: the impermeable barrier of the SC, TJ-limited
calcium diffusion in the SG, and a phenotypic switch in calcium exchange between keratinocytes
and ECF at the SS-SG boundary. Future experimental results gained from improved measurement
techniques [52, 260] may refine the presented theory and reduce the uncertainty present in our model
predictions. There are many possibilities for future theoretical work, including the investigation of
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temporally changing epidermal states for which calcium plays a major role (e.g. wound healing [118],
psoriasis [5], and stratification of keratinocyte cultures [90]), and the consideration of our proposed
calcium kinetics in individual cell-based models of epidermal homeostasis [50]. We intend that this
chapter provides a conceptual and quantitative model for future experimental and theoretical research
to examine, modify and update, as our understanding of epidermal calcium profile formation becomes
increasingly advanced.
3.A Additional Material: Justification of Parameters
Table 3.1 lists the parameters used in this chapter and their key references. Here, we present the
justification of the parameter values, starting from the experimental literature and applying subsequent
calculations where necessary.
Stem cell volume fraction of the SB, θ
Li et al. state that epidermal stem cells constitute 1-10% of the SB based on several in vivo studies
[216]. A range for the stem cell volume fraction of the SB that fully encompasses these estimates is
θ= 0.055±0.045. We assume that this value of θ applies to both human and murine epidermis.
Heights of the epidermal sublayer boundaries above the BM, z1, z2, z3, z4, z5
For the human epidermal calcium profile investigated, the total epidermal thickness z5 is 125µm [2],
and the thicknesses of the SB, SS, SG and SC are approximately 30-40µm, 30µm, 30µm and 20µm
respectively, although the thickness of the SB is difficult to estimate due to undulation of the BM [249].
Hence we assume that the estimates of SS, SG and SC thickness are more accurate than the estimate of SB
thickness, and consecutive subtraction of these values from z5 = 125µm yields z3 = 105µm, z2 = 75µm
and z1 = 45µm.
For the estimation of z4, we subtract from z5 literature-reported estimates of the SC thickness removed
at which transepidermal water loss (TEWL) becomes large. Bashir et al. reports that TEWL is significant
after 5-7µm of human SC is removed [233], whilst Kalia et al. reports that removal of∼8µm causes two-
to ten-fold increase in TEWL [232]. We combine these values to estimate the thickness of upper SC in
human epidermis as 6.5±1.5µm, and hence z4 = 118.5±1.5µm.
For the murine epidermal calcium profile, all sublayer boundary heights are provided except z4 [3]:
z1 = 20µm, z2 = 60µm, z3 = 90µm and z5 = 100µm. In murine epidermis TEWL increases dramatically
once 4-8µm has been removed [234]. We therefore assume that the thickness of murine upper SC is
6±2µm, and hence z4 = 94±2µm.
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Ratio of keratinocyte volumes SG:SB, V1
For human epidermis, Bergstresser et al. reported the volumes of keratinocytes in basal and superficial
layers, in six human subjects and three anatomical locations for each subject [67]. We assume that
each of the 18 associated ratios of superficial to basal keratinocyte volume are a good approximation
of the volume change of a keratinocyte during its passage through the SS. From the mean and standard
deviation of these 18 ratios, we obtain V1 = 1.9±0.5.
For murine epidermis, the volumes of keratinocytes in the basal and granular sublayers have been
reported both by Rowden [68], and by Rodrigues and Maia Campos [250]. Ratios of granular to basal
keratinocyte volume, calculated from these publications, are 4.2 and 1.4 respectively. We combine these
values to obtain V1 = 2.8±1.4.
Ratio of keratinocyte volumes SC:SG, V2
For human epidermis, the original estimate of V2 is based on the report of Norle´n and Al-Amoudi
that there is a reduction in cell volume between SG and SC keratinocytes from 700-900µm3 to 400-
450µm3 [71], which corresponds to V2 = 0.54±0.10. For murine epidermis, Allen and Potten report that
mouse dorsum keratinocyte volume changes from 163µm3 at the SB to 31.1µm3 at the skin surface [70].
This corresponds to V1×V2 = 0.1908. Dividing this by our obtained value of murine V1 = 2.8±1.4 yields
V2 = 0.068±0.034.
In our results we found that the estimate of human V2 was questionable, due to its prediction of transit
times through the SC that disagreed strongly with the experimental literature and its order of magnitude
difference from the estimate of murine V2 which predicted SC transit times that agreed more reasonably
with the experimental literature. Hence, for the modified estimate of V2 for human epidermis, we used
the human V1 = 1.9±0.5 obtained from [67] together with the murine V1×V2 = 0.1908 from [70] to obtain
V1 = 0.100±0.026.
Proliferation rate of stem cells in the SB, s0
The stem cell cycle time is difficult to measure, but is suggested to be greater than 500 hours in human
epidermis and approximately 200 hours in murine epidermis [226]. The stem cell proliferation rate can
be obtained simply by inverting the cycle time. For simplicity we assume that the human and murine
stem cycle times are equal to 500 hours and 200 hours respectively, and inversion immediately yields
human s0 = 5.6× 10−7 s−1 and murine s0 = 1.4× 10−6 s−1.
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Proliferation rate of TA cells in the SB, s1
For both human and murine epidermis, the TA cell proliferation rate s1 is calculated from literature-
reported values of the mean proliferation rate in the SB, denoted here as sµ, together with our found
values for θ and s0, via the equation
sµ = θs0 + (1− θ)s1. (3.A.1)
For human epidermis, Castelijns et al. reported a mean cycle time of approximately ∼62.5 hours [215],
which together with the growth fraction in the SB of 60% [8], yields an estimate of sµ = 2.7× 10−6 s−1.
On the other hand, Iizuka reported that there are 27,000 cells and a birth rate of 1,246 cells per day in a
1 mm2 section of the proliferative compartment of human epidermis [8]. Dividing the birth rate by the
number of cells yields an alternative estimate of sµ = 5.3× 10−7 s−1. Combining these two estimates, we
choose sµ = (1.6±1.1)× 10−6 s−1. Then, using equation (3.A.1) we obtain s1 = (1.7±1.1)× 10−6 s−1.
For murine epidermis, Potten reported that the cell production rate in murine epidermis varies from 0.55
to 1.42 cells per 100 basal cells per hour, depending on the anatomical location [230]. This corresponds to
a mean proliferation rate in the SB of sµ = (2.7±1.2)× 10−6 s−1. Then, using equation (3.A.1) we obtain
s1 = (2.8±1.3)× 10−6 s−1.
Physical diffusion coefficient of calcium in the ECF, DCa
For both human and murine epidermis, we assume that the ECF is essentially water [229], and hence
DCa is equal to the diffusion coefficient of calcium ions in water at skin temperature. We assume that
the value of this diffusion coefficient is unaltered for the one-dimensional case, as our model considers
only one spatial direction z perpendicular to the skin surface. The calculation of this coefficient from
data in [218–220] together with the Stokes-Einstein equation [218] is detailed in Additional Material A
at the end of Chapter 2, Section 2.A, and yields DCa = 10−9 m−2 s−1.
Cell volume fraction in viable epidermis, φv
For human epidermis, Celli et al. reported that the cell volume fraction increases from 0.93 in the SB to
0.98 in the SG [51]. We combine these values to choose φv = 0.955±0.025.
For murine epidermis, Elias and Leventhal reported that the ECF volume fraction, 1−φv , is 0.5-1.0%
in the SG [221]. We assume this value applies throughout the viable epidermis, and hence choose
φv = 0.9925±0.0025.
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Ratio of the extracellular calcium distribution to its BM value, r
To calculate r for human and murine epidermis, we use data from the semi-quantitative extracellular
calcium distributions shown in Table 3.A.
Extracellular Calcium Concentration Species and Reference
SB SS Lower SG Upper SG Lower SC Upper SC
++ ++ +++ +++ +++ 0 Human, [5]
++ ++ ++ +++ + 0 Human, [6]
Low Very low High High High-Low Low Mouse, [4]
Table 3.A: Semi-quantitative extracellular epidermal calcium distributions, determined using ion
capture cytochemistry [4–6].
For human epidermis, we assume that the number of positive signs is proportional to the extracellular
calcium level. From the use of this assumption on the data in [5] and [6], the mean extracellular calcium
levels in human SB, SS, SG and lower SC are 2, 2, 2.75 and 2 (i.e. overall mean of 2.2), and the minimum
and maximum reported extracellular calcium levels in the whole epidermis excluding the upper SC are
1 and 3 respectively. This data can be enclosed by an extracellular calcium level throughout the whole
epidermis excluding the upper SC of 2.2±1.2, which written as a ratio of the mean extracellular calcium
level in human SB, yields r= 1.1±0.6.
For murine epidermis, we fit a five-point quantitative scale to the worded descriptors in [4]: 1 (very low),
2 (low), 3 (medium), 4 (high) and 5 (very high). Using this scale, the mean extracellular calcium levels in
the SB, SS, SG and SC are 2, 1, 4 and 3 (i.e. overall mean of 2.5), and the minimum and maximum reported
extracellular calcium levels in the whole epidermis excluding the upper SC are 1 and 4 respectively. This
data can be enclosed by an extracellular calcium level throughout the whole epidermis excluding the
upper SC of 2.5±1.5, which written as a ratio of the mean extracellular calcium level in murine SB, yields
r= 1.25±0.75.
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Chapter 4
Dynamic Model of Calcium and Tight
Junctions in Reconstructed Epidermis:
Results
This chapter features the peer-reviewed conference paper “A continuum model of the growth of
engineered skin substitutes” published in the Proceedings of the 10th Biennial Engineering Mathematics
and Applications Conference (EMAC 2011), Sydney, Australia, The ANZIAM Journal, 53:C90-C109, 2012.
The paper has been modified from its published version for its inclusion as a chapter in this thesis.
4.1 Abstract
We present a porous medium model of the growth and deterioration of the viable sublayers of an
epidermal skin substitute. It consists of five species: cells, intracellular and extracellular calcium, tight
junctions, and a hypothesised signal chemical emanating from the stratum corneum. The model is
solved numerically in MATLAB using a finite difference scheme. Steady state calcium distributions are
predicted that agree well with the experimental data. Our model also demonstrates epidermal skin
substitute deterioration if the calcium diffusion coefficient is reduced compared to reported values in
the literature.
4.2 Introduction
The epidermis is the most superficial skin layer and its cells can be cultivated in vitro to produce
“reconstructed epidermis” that demonstrates similar morphology [41]: three viable sublayers (the
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stratum basale, stratum spinosum and stratum granulosum) and an overlying nonviable sublayer (the
stratum corneum). These sublayers possess fairly constant thickness in normal epidermis. However,
in reconstructed epidermis the viable sublayers reduce in thickness within a few weeks [41], and the
stratum corneum increases in thickness due to impaired desquamation [6].
Both normal and reconstructed epidermis possess a distinct calcium distribution [6] which is strongly
implicated in regulating their structures [90]. We previously investigated this calcium distribution in
normal epidermis using a porous medium model (Chapter 2), which predicted all key aspects of the
calcium distribution once tight junctions were included in the model (Chapter 3). Tight junctions, which
are adhesions between adjacent cell membranes that contribute to regulation of the epidermal calcium
profile in the stratum granulosum by disrupting extracellular fluid (ECF) flow [27], are hypothesised to
form in response to a local signal from the stratum corneum [137].
In response to these considerations, this chapter presents a spatiotemporal porous medium model
of the development of the viable sublayers of epidermal skin substitutes, based on the dynamics
of calcium, tight junctions and a signal chemical emanating from the stratum corneum. Our model
demonstrates epidermal substitute deterioration if the diffusion coefficient of calcium is reduced from
previously determined values (Chapter 2), but this deterioration is not as significant as that observed
experimentally [41].
4.3 The Model
This model is a spatiotemporal extension of the multiphase steady state model investigated in Chapters
2 and 3. Here, the positions of epidermal sublayers are governed by equations that define how their
thickness changes over time. Similar multiphase models with time-dependent spatial boundaries have
been previously used to consider the growth of avascular tumours (reviewed in [200, 201]).
Keratinocytes, the primary cells of the epidermis, are arranged in four distinct sublayers of the epidermis
and it is these sublayers that form the domain of our model. From deep to superficial, these sublayers
are:
1. The stratum basale (SB), 0≤ z≤ z1: Keratinocytes proliferate, either as stem cells or transit-
amplifying (TA) cells. Stem cells divide indefinitely, always producing one stem cell and one TA
cell. TA cells divide a few times [226], each time producing two TA cells, then become quiescent,
characterising the overlying stratum spinosum.
Stem cells are dispersed along the basement membrane (BM): the lower boundary of the epidermis
[226]. Hence we assume that stem cells occupy 0 ≤ z ≤ θz1 and TA cells occupy θz1 < z ≤
z1, where θ is the volume fraction of the SB occupied by stem cells. The stem cell region is
approximately one cell layer thick.
80
2. The stratum spinosum (SS), z1<z≤ z2: Quiescent keratinocytes passively migrate towards the skin
surface, displaced from the SB by proliferation.
3. The stratum granulosum (SG), z2<z≤ z3: Keratinocytes disintegrate, expelling their contents into
the extracellular space.
4. The stratum corneum (SC), z > z3: These dead keratinocytes form a relatively impermeable barrier
to chemical transport.
We model the viable sublayers (all sublayers excluding the SC) of the epidermal skin substitute as
one-dimensional saturated porous media [202], with keratinocytes analogous to soil particles and the
surrounding ECF analogous to water that saturates the soil system. The volume fraction occupied by
keratinocytes is essentially constant [51].
In addition to cells and ECF, our model includes three chemical species: calcium, tight junctions (T ) and
a signal chemical (S). Calcium can be both intracellular and extracellular [4], and is conserved, whilst
signal and tight junctions are extracellular only. Combining the above yields an equation system of
φ
∂ui
∂z
= f, (4.1a)
∂ρci
∂t
+
∂
∂z
(ρciui) = gc, (4.1b)
∂ρce
∂t
+
∂
∂z
(ρceuce) = −gc, (4.1c)
∂S
∂t
+
∂
∂z
(SuS) = 0, (4.1d)
∂T
∂t
+
∂
∂z
(Tui) = gT , (4.1e)
where φ is the cell volume fraction, ρci, ρce, S and T are the superficial concentrations of intracellular
calcium, extracellular calcium, signal chemical and tight junctions respectively, ui, uce and uS are the
physical velocities of the cells, extracellular calcium and signal chemical respectively, f is the rate of
change of cell volume fraction due to transformation of ECF to cells, gc is the rate of change of superficial
intracellular calcium concentration due to calcium transfer from ECF to cells, and gT is the rate of change
of superficial tight junction concentration due to formation induced by the signal chemical. All five
variables ui, ρci, ρce, S and T in the above equations are continuous at the boundaries situated within
the model domain (θz1, z1 and z2). As in Chapter 3, we do not include an equation for the ECF as its
distribution will be unpredictably modified by tight junctions [132] and aquaporins [242, 243], and the
model can be closed without its specification. In the following sections we specify each component of
equation system (4.1).
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4.3.1 Cell velocities
We specify f to take the form
f =

s1φ, 0 ≤ z ≤ θz1,
s2φ, θz1 < z ≤ z1,
0, z1 < z ≤ z3.
This form expresses the different proliferation rates s1 and s2 of the stem and TA cells in the SB [226],
and the quiescence of keratinocytes in the SS and SG. Compared to Chapters 2 and 3, this form of f is
simplified as it does not include the changes in keratinocyte volume though the suprabasal viable layers.
(This additional model complexity was required in those chapters for the comparison of keratinocyte
proliferation and growth rates with epidermal transit times in vivo.) No cells can cross the BM, hence
ui(0) = 0. Combining the above with equation (4.1a) and continuity of ui across the internal boundaries
θz1, z1 and z2, we immediately obtain the cell velocity distribution,
ui(z) =

s1z, 0 ≤ z ≤ θz1,
s2z − (s2 − s1)θz1, θz1 ≤ z ≤ z1,
s2z1 − (s2 − s1)θz1, z1 ≤ z ≤ z3.
(4.2)
4.3.2 Calcium
Based on the results of Chapter 2, we assume that stem cells act as a reservoir of intracellular calcium,
calcium is taken in by TA and SS keratinocytes, and calcium is expelled by SG keratinocytes. Here, we
obtain the cellular calcium influx gc for TA and SS keratinocytes as a function of ρce, using experimental
data from Reiss et al. [15, Figure 1B] of the 45Ca2+ influx as a function of extracellular calcium. This
data was extracted using the program xyExtract [223]. (To the author’s knowledge, there is currently
no data reported for the dependence of calcium influx on intracellular calcium concentration, and hence
we assumed that cellular calcium influx for TA and SS keratinocytes depends only on ρce.)
From Figure 1B of Reiss et al. [15], the actual extracellular calcium concentrations on the x-axis are
converted to ρce using the cell volume fraction φ = 0.96 (see Table 4.1) and the molar mass of calcium.
The 45Ca2+ influxes on the y-axis are converted to gc by assuming that an actual extracellular calcium
concentration of 1.2 mM (the standard concentration for inducing in vitro keratinocyte differentiation
and subsequent reconstructed epidermis formation [90]) yields a cellular influx of 4.5×10−4 mg/kg s−1,
a typical value predicted to occur in the SB and SS by our models in Chapters 2 and 3. After these
conversions, the data is fit to a logistic equation of the form gc(ρce) = g0/ (1 + exp (−k(ρce − ρmid))).
The converted data is shown in Figure 4.1 and the fit parameters g0, k and ρmid are listed in Table 4.1.
The form of calcium expulsion in the SG is difficult to determine due to the resolution limit of current
experimental techniques [227]. Hence, for simplicity we assume that this expulsion occurs at a constant
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Figure 4.1: Calcium influx for TA and SS keratinocytes versus extracellular calcium concentration, from
experimental data [15].
rate. From our results in Chapters 2 and 3, we assume that Fickian diffusion is the only important
contribution to the extracellular calcium flux, and that any tight junctions present will reduce this
diffusion. Combining the above with equations (4.1b) and (4.1c) yields equations expressing the calcium
dynamics in our model,
ρci = ρi0, 0 ≤ z ≤ θz1, (4.3a)
∂ρci
∂t
= gc − ∂
∂z
(ρciui) , θz1 < z ≤ z3, (4.3b)
∂ρce
∂t
= DCa
∂
∂z
([
1− (1− εCa) T
T0
]
∂ρce
∂z
)
− gc, 0 ≤ z ≤ z3, (4.3c)
where gc is given by
gc =

0, 0 ≤ z ≤ θz1,
g0/ (1 + exp [−k (ρce − ρmid)]) , θz1 < z ≤ z2,
−g1, z2 < z ≤ z3.
(4.3d)
In the equations above, ρi0 is the stem cell calcium reservoir, DCa is the physical diffusion coefficient
of Ca2+ ions in the ECF in the absence of tight junctions, T0 is the maximum (saturation) tight junction
concentration, εCa is the reduction in diffusion coefficient of extracellular calcium during tight junction
saturation, and g1 is the calcium expulsion rate in the SG. The partial differential equation (4.3b) for ρci is
first order and hence requires one boundary condition, given in equation (4.3a). The partial differential
equation (4.3c) for ρce is second order and hence requires two boundary conditions, which we next
specify.
Reconstructed epidermis is typically grown on a fibroblast-engineered matrix (reconstructed dermis)
[41] immersed in a high calcium culture medium [90]. The SC provides a barrier to extracellular calcium
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transport. These considerations yield boundary conditions for the extracellular calcium of
ρce(0, t) = ρe0, uce(z3, t) =
dz3
dt
, (4.4)
where ρe0/(1−φ) is the calcium concentration of the culture medium. The initial conditions for calcium
are ρci(z, 0) = ρi0 and ρce(z, 0) = ρe0.
Equation (4.3d), which describes the calcium exchange gc between cells and ECF, ensures that
intracellular and extracellular calcium concentrations never become negative, as follows. In the region
where gc is positive and hence specifies cellular calcium influx (θz1 < z ≤ z2), gc approaches zero as
ρce becomes small (Figure 4.1). In the region where gc is negative and hence specifies cellular calcium
outflux (z2 < z ≤ z3), the smallest value of ρci will occur at z3 due to both the local calcium outflux and
continuous keratinocyte migration towards the skin surface (equation (4.2)). Later in Section 4.3.6, we
will define the equations that govern z3. These equations will act either to keep this boundary at the
location where ρce(z3) = 0 or follow the local cell velocity ui if intracellular calcium is not locally equal
to zero. This prevents ρce from becoming negative at z3, and hence ρce(z3) ≥ 0 is always satisfied in
z2 < z ≤ z3.
4.3.3 Signal chemical
In our model, we assume that the signal chemical possesses physical characteristics similar to E-
cadherin, a protein known to regulate tight junctions [137]. E-cadherin diffuses on cell surfaces [261]
and thus we treat the signal chemical as “crawling” along and attached to the keratinocyte plasma
membranes and/or adhesions, locally affected by diffusion and cell advection. Combining this with
equation (4.1d) yields an equation expressing the signal chemical dynamics in our model,
∂S
∂t
=
∂
∂z
(
DE
[
1− (1− εS) T
T0
]
∂S
∂z
− Sui
)
, 0 ≤ z ≤ z3, (4.5)
where DE is the physical diffusion coefficient of signal chemical in the absence of tight junctions and
εS is the reduction in diffusion coefficient of signal during tight junction saturation. Signal chemical is
only produced once the SC has formed, and thus its initial concentration is zero, S(z, 0) = 0. The partial
differential equation (4.5) for S is second order and hence requires two boundary conditions, which we
next specify.
We assume that the signal chemical emanates from the SC [137], and that the reconstructed dermis
underlying the BM and surrounding culture medium act as an infinite sink for the signal. These
considerations yield boundary conditions for the signal chemical of
S(0, t) = 0, S(z3, t) = S0, (4.6)
where S0 is the source signal concentration at the SG-SC interface. Whilst boundary condition S(0, t) =
0 at the BM is sufficient here because of the relatively low diffusion rate of this signal through the
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reconstructed epidermis (low value ofDE in Table 4.1), we point out that this boundary condition would
need to be modified if the signal chemical diffuses rapidly through the reconstructed epidermis or if the
signal also originates in the underlying dermal layer or surrounding culture medium.
4.3.4 Tight junctions
Tight junctions are adhesions that form between adjacent cell membranes which disrupt and regulate
extracellular flow of fluid and molecules [129]. We assume that tight junctions only form in the SG and
their local concentration asymptotically approaches a saturation value, T0, at a rate proportional to the
local signal. Combining this with equation (4.1e) yields the tight junction dynamics in our model,
∂T
∂t
= gT − ∂
∂z
(Tui) , gT =
0, 0 ≤ z ≤ z2,α0S (1− T/T0) , z2 < z ≤ z3, (4.7)
where α0 is the rate coefficient of tight junction formation. This partial differential equation for T is
first order and hence requires one boundary condition. Because tight junctions can only form in the SG
according to equation (4.7), we specify this condition as T (0, t) = 0. Tight junctions form in response
to the signal chemical, and this signal chemical is only produced once the SC has formed, so the initial
condition for tight junctions is T (z, 0) = 0.
4.3.5 Scaling of signal and tight junctions
The model can be simplified by scaling S and T according to
S = S∗ Sˆ, T = T ∗ Tˆ , where Sˆ = S0, Tˆ = T0,
which removes T0 from equation (4.3c) and reduces equations (4.6)-(4.7) to
S(0, t) = 0, S(z3, t) = 1, (4.8a)
∂S
∂t
=
∂
∂z
(
DE [1− (1− εS)T ] ∂S
∂z
− Sui
)
, 0 ≤ z ≤ z3, (4.8b)
∂T
∂t
= gT − ∂
∂z
(Tui) , gT =
0, 0 ≤ z ≤ z2,αS(1− T ), z2 < z ≤ z3, (4.8c)
where α = α0T0/S0 and asterisks are dropped for notational simplicity.
4.3.6 Stages of growth
In our model, the changes in the epidermal sublayer thicknesses which define the growth and
deterioration of the epidermal skin substitute occur in three stages.
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1. Stage 1. SB and SS are present; starts from t = 0.
To produce reconstructed epidermis, a multilayer of proliferative keratinocytes (SB) is placed
on a reconstructed dermis [41] that is submerged in a high calcium medium [90]. We set this
event at time t = 0 and assume that the SS simultaneously starts to form due to the underlying
proliferation. At t = 0, z1 = z2 = z3 and their position is equal to the value of z1 given in Table 4.1.
Because the stem and TA cell populations of the SB undergo a set pattern of proliferation [226], we
assume that boundaries θz1 and z1 are constant in all three stages of growth. In Stage 1 the height
z2 of the SS follows the local keratinocyte velocity
dz2
dt
= ui(z2) (4.9)
and z3 = z2 as no SG is present. Hence, comparison of equations (4.4) and (4.9) indicates that
uce(z2) = ui(z2) in Stage 1.
2. Stage 2. SB, SS and SG are present; starts at time t12 when ρci(z2) = ρdiff .
To initiate the development of the SG, we define an intracellular calcium concentration ρdiff that
triggers expulsion of the keratinocytes’ intracellular contents, but only if the cells at the top of the
SS possess this intracellular calcium level. This latter requirement is accomplished by setting the
boundary z2 to follow one of two options for its motion,
z2 = argminz2
{
ρci(z2) = ρdiff ,
dz2
dt
= ui(z2)
}
, (4.10)
dz3
dt
= ui(z3), (4.11)
where argminzi{ , } in equations (4.10) and (4.12) indicates that the minimum value of zi, from its
two values calculated from the two equations inside the curly brackets, is chosen. The latter option
in equation (4.10) accounts for the possibility that keratinocytes at z2 have not accumulated enough
calcium to begin disintegration, in which case z2 follows the local keratinocyte velocity and no new
SG is produced. Whilst argminzi{ , } is rather non-standard in terms of mathematical terminology,
it is used here because it is a relatively straightforward way to account for the physical behaviour
of keratinocytes immediately below epidermal sublayer boundaries, as these keratinocytes or
may not differentiate to become part of the overlying sublayer, depending on the local calcium
conditions. Our particular choice of arguments for the argminzi{ , } functions ensures that the
motion of the associated boundaries zi remain smooth (see Section 4.4). Equation (4.10) also acts
in Stage 3.
3. Stage 3. SB, SS, SG and SC are present; starts at time t23 when ρci(z3) = 0.
According to equation (4.3d), keratinocytes in the SG expel their calcium at a constant rate, and
hence within a finite time they will have ρci = 0. Once a keratinocyte at the top of the SG has
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expelled all its calcium, it becomes part of the overlying SC,
z3 = argminz3
{
ρci(z3) = 0,
dz3
dt
= ui(z3)
}
. (4.12)
The SC is not explicitly simulated in our model. However, any time in Stage 3 where dz3/dt <
ui(z3) corresponds to SC formation.
In the current form of our model, the stages described above are irreversible (e.g. the model cannot
change from Stage 3 back to Stages 1 or 2). Reversal of model stages requires that keratinocytes in the
upper sublayers reverse their differentiation, a behaviour which is beyond the scope of our work.
4.4 Results
The model is solved numerically in MATLAB using finite-difference approximation schemes that are
detailed in Chapter 5. For sufficiently large DCa, analytical solutions can also be obtained, for ρce and
ρci in all stages and epidermal sublayers except ρce in z2<z≤ z3 in Stage 3, if s2 = gc(ρe0)/ρi0 for gc
acting in θz1<z≤ z1. (The derivation of these analytical solutions is detailed in the Additional Material
at the end of Chapter 5, Section 5.A.) The value of the TA cell proliferation rate s2 that satisfies this
relationship, shown in Table 4.1, is quite feasible based on reported values in the literature (Chapters 2
and 3). The effect of tight junctions was investigated by solving the model for εCa = 1 (no effect on ρce)
and εCa = 5× 10−5 (strong effect on ρce). In Chapter 2, we calculated the diffusion coefficient of calcium
in the ECF as 10−9 m2 s−1, but interesting and different results are obtained if this coefficient is reduced
(10−11 m2 s−1). This reduced coefficient could occur if tortuosity significantly affects calcium diffusion
in the underlying viable epidermal sublayers [262].
Hence we solved the model four times, for two different values of DCa, two different values of εCa, and
individual values chosen for all other parameters. All parameters and their sources are given in Table
4.1. The motion of epidermal sublayer boundaries is presented in Figure 4.2, for all parameter choices.
Steady state distributions (120 days and beyond) of calcium, signal and tight junctions are shown in
Figures 4.3 and 4.4, for DCa = 10−9 m2 s−1 and εCa = 5× 10−5.
We found that the motion of epidermal sublayer thicknesses was independent of εCa (see Figure 4.2).
Because εCa represents the modification of calcium profiles due to tight junctions, and the epidermal
sublayer thicknesses depend on threshold intracellular calcium values, our model predicts that tight
junctions do not contribute to epidermal substitute deterioration.
However, the motion of epidermal sublayer thicknesses depends crucially on the diffusion coefficient of
extracellular calcium, DCa. For DCa = 10−9 m2 s−1, a value calculated from the literature (Chapter 2),
the entire process giving rise to these sublayer changes is as follows. During Stage 1, quiescent SS cells
are pushed upwards by proliferation in the SB, and TA and SS cells continuously accumulate calcium.
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Parameter Value Source
DCa 10
−9 m2 s−1, 10−11 m2 s−1 Chapter 2, Theoretical1
DE 2× 10−14 m2 s−1 [261]
φ 0.96 [51]
z1 30µm [263]
s1 5.6× 10−7 s−1 [226]
s2 2.2× 10−6 s−1 Calculated1
θ 0.1 [226]
ρi0 200 mg/kg [2]
ρdiff 950 mg/kg [2]
ρe0 1.92 mg/kg [90]
g0 9.87× 10−4 mg/kg s−1 [15]2
k 2.4 kg/mg [15]2
ρmid 2 mg/kg [15]2
g1 2.8× 10−3 mg/kg s−1 Chapter 2
εCa 1, 5×10−5 Theoretical
εS 0.01 Theoretical
α 0.001 s−1 Theoretical
Table 4.1: Parameter values used in Chapter 4. 1See Section 4.4. 2See Figure 4.1.
The surface SS cells possess the most intracellular calcium as they have been accumulating it for the
longest time. At the time when the surface SS cells acquire ρci = ρdiff , the SG starts to form (Stage 2).
During Stage 2, the TA and SS cells accumulate calcium, and the SG cells expel calcium. When the
surface SG cells have expelled all their intracellular calcium, the SC forms (Stage 3). Simultaneously, a
signal chemical begins diffusing into the viable sublayers from the SC.
In the SG, tight junctions form in response to the signal chemical. (This formation is rapid compared
to the timescales of interest due to the choice of α.) These tight junctions reduce the diffusion of
extracellular calcium in the SG, which in turn causes the extracellular calcium concentration there to
rise. This rise, localised to the upper SG where tight junctions have reached saturation concentrations,
negligibly affects the calcium profile in the underlying SB and SS.
Because calcium diffusion in the SB and SS is sufficiently rapid, the extracellular calcium distribution
there is nearly constant. (For εCa = 1, not shown in Figure 4.4, the extracellular calcium distribution
is also constant in the SG due to the absence of tight junction effects, as expected from the difference
between model results of Chapters 2 and 3.) The accumulation of calcium by TA and SS cells, which
is dependent on the local extracellular calcium level, continues without change. Hence the positions of
boundaries z2 and z3 do not change and there is no deterioration of the epidermal substitute.
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Figure 4.2: Growth of the viable sublayers of epidermal skin substitutes with time, for normal (solid
lines) and reduced (dashed lines) extracellular calcium diffusion coefficient, and independent of εCa.
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Figure 4.3: Steady state profiles of normalised signal chemical and tight junctions in the epidermal skin
substitute, for normal extracellular calcium diffusion coefficient and independent of εCa.
The reason why our model predicts that tight junctions do not cause deterioration of the reconstructed
epidermis, is because its modification of extracellular calcium concentration is localised to the SG and
not the underlying sublayers. This latter finding was also a general result seen in our steady state
model of calcium and tight junctions in normal epidermis (Chapter 3); in this model the steady state
distribution of extracellular calcium was predicted to be constant throughout the SB and SS due to the
rapid diffusion of extracellular calcium there. Hence our result here that tight junctions do not cause
reconstructed epidermis deterioration is consistent with our previous findings and is only dependent
on the parameter DCa.
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Figure 4.4: Steady state profiles of intracellular and extracellular calcium in the epidermal skin
substitute, for normal extracellular calcium diffusion coefficient and εCa = 5× 10−5.
For the reduced value ofDCa = 10−11 m2 s−1, the process giving rise to the motion of epidermal sublayer
thicknesses in Stages 1 and 2 is the same, except these stages take a longer time to complete. This occurs
because the continuous cellular calcium influx for TA and SS cells causes a non-negligible drop in the
extracellular calcium concentration, which reduces the local calcium influx due to its dependence g(ρce).
In Stage 3, signal and tight junctions form a similar pattern to Figure 4.3 (with different z2 and z3), cause
a rise in extracellular calcium in the upper SG, and negliglibly affect calcium profiles elsewhere. Instead,
the sublayer heights z2 and z3 decrease with damped oscillations toward steady state values as shown
in Figure 4.2. The oscillation patterns were identical for tight junction presence (εCa = 1) and absence
(εCa = 5 × 10−5), again indicating that tight junctions do not have any effect on the growth pattern of
reconstructed epidermis.
This epidermal substitute deterioration occurs for the following reasons. First, calcium diffusion in the
SG is not sufficiently rapid to avoid a non-negligible increase in the local extracellular calcium level
due to the cellular calcium outflux (independent of any tight junction effects). This causes a rise in
extracellular calcium in the SB and SS, which in turn increases the rate of calcium accumulation by TA
and SS cells. These cells then reach ρci = ρdiff sooner, and the sublayer boundary z2 decreases. Because
calcium expulsion in the SG is constant, the boundary z3 exactly follows z2 with a short time delay.
The damped oscillations occur because the time delay between variations in the extracellular calcium
concentration surrounding TA and SS cells and the subsequent motion of z2, causes z2 and z3 to
overshoot the steady state values as they are approached. This oscillatory behaviour is thus controlled
by the extracellular diffusion coefficient and the time taken by keratinocytes in the SG to expel all
their intracellular calcium. However, whilst these oscillatory solutions are quite interesting, to our
knowledge they have not been observed experimentally in the growth of reconstructed epidermis and
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hence are unlikely to be the cause of the deterioration. There may be other signalling mechanisms in the
SG, operating on temporal scales faster than the time delay present between keratinocyte differentations
at the SS-SG and SG-SC boundaries, that would eliminate the observed oscillations. Alternatively, the
motion of sublayer boundaries may depend nonlinearly on intracellular calcium levels or may depend
on the presence of other local signals in the reconstructed epidermis. Such investigations would be of
interest for future research, as we discuss later in Chapter 6.
4.5 Discussion
We demonstrated that tight junctions do not contribute to epidermal substitute deterioration, due to
the localisation of their effect to the upper SG. However, a reduced calcium diffusion in all viable
epidermal sublayers can yield significant deterioration. The reduced coefficient could occur if the ECF
is sufficiently tortuous throughout all viable epidermal sublayers [262].
Experimentally, the deterioration is greater than that observed in our model: the viable sublayers
eventually return to their original (SB) thickness [41]. Furthermore, the deterioration observed in our
model is easily reduced, for example by increasing DCa or by fitting a linear function to calcium influx
data [15] rather than a logistic function (see Figure 4.1). Hence other mechanisms must also contribute
to the epidermal skin substitute deterioration.
We chose εCa εS , even though these both represent the effects of tight junctions on chemical diffusion.
However, the diffusion of calcium and signal chemical should be affected differently by the tight
junctions, as the tight junction barrier is charge- and size-selective [129] and in our model the calcium
and signal diffuse in different localisations: the ECF and cellular membranes respectively.
Our model also predicted that tight junctions and SC appear late in epidermal skin substitute
development. However in practice, tight junction proteins and SC both appear within a few
days [44, 90]. These early formations are probably a direct response to high calcium in the culture
medium [90], even though the normal pattern of epidermis turnover is not established until a later
time. It should also be noted that the lifespan of modern epidermal skin substitutes varies from a few
days to several weeks [41]. These experimental differences complicate the theoretical investigations.
Regardless, this model elucidates some aspects of epidermal skin substitute formation, and brings to
attention other aspects that have yet to be understood. These issues provide interesting problems for
future experimental and theoretical research.
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Chapter 5
Dynamic Model of Calcium and Tight
Junctions in Reconstructed Epidermis:
Methods
This chapter features the peer-reviewed conference paper “Solution methods for advection-diffusion-
reaction equations on growing domains and subdomains, with application to modelling skin
substitutes” published in the Proceedings of the 4th International Conference on Computational
Methods (ICCM 2012), Gold Coast, Australia, Paper 230, 2012. The paper has been modified from its
published version for its inclusion as a chapter in this thesis.
5.1 Abstract
Problems involving the solution of advection-diffusion-reaction equations on domains and subdomains
whose growth affects and is affected by these equations, commonly arise in developmental biology.
Here, a mathematical framework for these situations, together with methods for obtaining spatio-
temporal solutions and steady states of models built from this framework, is presented. The framework
and methods are applied to a recently published model of epidermal skin substitutes. Despite the use of
Eulerian schemes, excellent agreement is obtained between the numerical spatio-temporal, numerical
steady state, and analytical solutions of the model.
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5.2 Introduction
During biological development, the growth characteristics of tissue domains such as bone, muscle, skin
or other epithelia can fundamentally affect their final form. Mathematical models have shown that the
form of tissue domain growth critically modifies the appearance of skin colour patterns of the marine
angelfish Pomacanthus [264], skeletal pattern formation in chick limb [265], tangential growth of the
Drosophila wing disc [266] and the ability of migratory cells to fully colonise a tissue domain [267].
Most of these models prescribe a simple form to the domain growth (linear, exponential, logistic, etc.).
However, species kinetics on the domain may also contribute to the growth pattern of these tissues
[266, 268].
In addition, the growth characteristics of adjacent tissues are often intrinsically linked during their
development. For example, the in vitro growth and deterioration of epidermal skin substitutes [41]
is likely to depend on the exchange of cells and chemical signals between this tissues four distinct
sublayers (Chapter 4). Biological tissue may also split into distinct subdomains during development, as
in the teeth primordia of Alligator mississippiensis [269]. For these situations, a mathematical framework
for the growth and development of connected subdomains is required.
Hence in this chapter, we present a mathematical framework and solution methods for the modelling
of species evolution on one-dimensional growing domains and subdomains. In this framework, which
builds upon the work of Crampin et al. [270], the domain and subdomain growth may depend on species
kinetics, and vice versa. Strategies are presented for obtaining numerical solutions of these spatio-
temporal models, as well as the less numerically-intensive identification of their steady states. Finally,
the application of the mathematical framework to our model of the growth of epidermal skin substitutes
(Chapter 4) is demonstrated.
5.3 Problem Statement
Consider a system of m advection-diffusion-reaction equations, describing changes in species Ci(z, t),
i = 1, ...,m, that act on a one-dimensional growing domain 0 ≤ z ≤ L(t),
∂Ci
∂t
+
∂
∂z
(
viCi −Di ∂Ci
∂z
)
= Ri, i = 1, ...,m, (5.1)
where each equation is subject to an initial condition Ci(z, 0) and an appropriate number of boundary
conditions at z = 0 and z = L(t) so that unique and consistent solutions are obtained. In equation
(5.1), vi, Di, and Ri represent the advective velocity, diffusion coefficient and reaction term respectively
for each species Ci(z, t). Typically the expression for vi contains a term representing the local tissue
velocity, a result easily shown by application of Reynolds’ transport theorem [264,270]. There are also n
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subdomains within 0 ≤ z ≤ L(t),
0 ≤ z ≤ zi(t); zj−1 < z ≤ zj(t), j = 2, ..., n, (5.2)
defined by the stationary boundary at z = 0 and mobile boundaries zj(t), j = 1, ..., n,where zn(t) = L(t).
The change in position of each mobile boundary zj(t) is described by some function fj ,
dzj
dt
= fj , j = 1, ..., n, (5.3)
together with its initial condition zj(0). The functions vi, Di, Ri and fj may depend linearly or
nonlinearly on z, t, any of the species Ci(z, t), or any of the boundary locations zj(t).
5.4 Obtaining a Spatio-Temporal Solution
To obtain a solution of equation (5.1), we uniformly transform the growing domain 0 ≤ z ≤ L(t) to
a stationary domain 0 ≤ z∗ ≤ 1, according to (z, t) → (z∗, t∗) = (z/L(t), t) where (z∗, t∗) are the
coordinates in the stationary domain [270]. We rewrite equations (5.1)-(5.3) in terms of this stationary
domain (z∗, t∗), and drop asterisks for notational simplicity,
∂Ci
∂t
+
∂
∂z
(
vi − fnz
L
Ci − Di
L2
∂Ci
∂z
)
= Ri − fn
L
Ci, i = 1, ...,m, (5.4)
0 ≤ z ≤ α1(t); αj−1(t) < z ≤ αj(t), j = 2, ..., n− 1; αn−1(t) < z ≤ 1, (5.5)
d (αjL)
dt
= fj , j = 1, ..., n. (5.6)
Here the subdomain boundaries are represented by αj(t∗) = zj(t)/L(t), j = 1, ..., n, and the replacement
dL/dt = fn in equation (5.4) follows from equation (5.3) and the relation zn(t) = L(t).
Equations (5.4)-(5.6) are written on a stationary domain, and thus can be solved using standard
numerical methods for ordinary [271] and partial differential equations [272]. In particular, for certain
advection-dominated problems the Kurganov-Tadmor operator split algorithm, proposed by Simpson
et al. [267], is recommended for solution of equation (5.4). However, we found for our application
(modelling epidermal skin substitutes) that Eulerian methods were sufficient.
5.5 Obtaining a Steady State Solution
Stationary steady states t→∞ of the system in equations (5.1)-(5.3) can be identified as follows. Steady
states are obtained by setting all temporal derivatives to zero and solving the equations
∂
∂z
(
viCi −Di ∂Ci
∂z
)
−Ri = 0, i = 1, ...,m, (5.7)
fj = 0, j = 1, ..., n. (5.8)
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Solutions of equations (5.7) and (5.8) yield final states of the species distributions Ci(z, t → ∞) and the
final positions of mobile boundaries zj(t → ∞) respectively. Functions fj in equation (5.8), which are
equal to the velocity of boundaries zj in equation (5.3), may for the purposes of solution here be replaced
by any function equal to zero that uniquely determines the location of the associated mobile boundary
zj and depends only on z, t any Ci, and/or any zj .
Because the location of mobile boundaries zj and distribution of species Ci may depend on each other
we solve equations (5.7) and (5.8) together using the following procedure:
1. Make initial estimates for the steady state positions of all mobile boundaries zj , j = 1, ..., n.
2. Using these zj , numerically solve the ordinary differential equations in equation (5.7) and hence
obtain the set of functions fj that we wish to make equal to zero (see equation (5.8)).
3. Employ an appropriate root-finding algorithm to use the obtained functions fj to update the
estimates of mobile boundary locations zj .
4. Repeat Steps 2 and 3 until equation (5.8) is satisfied within appropriate tolerance.
If there are multiple stationary steady states of equations (5.1)-(5.3), different initial estimates of the
boundary locations zj chosen in Step 1 may be required to identify them. It is also conceivable that a
solution of equations (5.7) and (5.8) is not a physically reasonable final state of the system because it is
an unstable node. If all eigenvalues associated with the linearisation of equations (5.7) and (5.8) about
the steady state in question are negative, the steady state corresponds to a possible final stationary state
of equations (5.1)-(5.3) [144].
5.6 Application: Modelling Epidermal Skin Substitutes
5.6.1 The model
We investigated the growth and deterioration of human epidermal skin substitutes with a mathematical
model (Chapter 4) built from the framework defined in Section 5.3. With this model we investigated a
possible explanation for why epidermal substitutes in vitro reduce significantly in thickness and become
unusable within only a few weeks [41], whilst in vivo epidermis maintains fairly constant thickness
during its lifetime. Because calcium is strongly implicated in regulating the multilayered structure of
the epidermis [90], and because it has been recently shown that tight junctions regulate the epidermal
calcium distribution [27], the model examined whether or not abnormalities in tight junction regulation
of epidermal calcium could explain the discrepancy between the epidermal growth patterns in vivo and
in vitro.
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The skin substitute model consists of four species (corresponding to Ci, i = 1, 2, 3, 4): intracellular
calcium ρci, extracellular calcium ρce, tight junctions T and a hypothetical signal chemical S. Each
species is described by an advection-diffusion-reaction equation, an initial condition, and an appropriate
number of boundary conditions. The spatial domain encloses the living component of the epidermal
skin substitute, and the number of subdomainsm (which corresponds to the number of living epidermal
sublayers) changes at distinct times t12 and t23 triggered by specific local events. These distinct times
define three model stages: in Stage 1 (0 ≤ t ≤ t12) there are three subdomains, in Stage 2 (t12 < t ≤ t23)
there are four subdomains, and in Stage 3 (t > t23) there are also four subdomains but a boundary
condition for the species S changes.
In particular, the equations governing the model are:
∂ρci
∂t
=

0, 0 ≤ z ≤ θz1,
gc(ρce, z2)− ∂
∂z
(ρciui), θz1 < z ≤ z3,
ρci(z, 0) = ρci(0, t) = ρi0, (5.9)
∂ρce
∂t
=
∂
∂z
(
DC(T )
∂ρce
∂z
)
− gc(ρce, z2), ρce(z, 0) = ρce(0, t) = ρe0,
DC(T (L, t))
∂ρce
∂z
(L, t) = ρce(L, t)
dL(t)
dt
, (5.10)
∂S
∂t
=
∂
∂z
(
DS(T )
∂S
∂z
− Sui
)
, S(z, 0) = S(0, t) = 0, S(L, t) =
0, t < t23,1, t ≥ t23, (5.11)
∂T
∂t
= gT (S, T, z2)− ∂
∂z
(Tui), T (z, 0) = T (0, t) = 0. (5.12)
Stage 1 starts at time t = 0. The domain is divided by boundaries z = 0, θz1, z1, z2 into three subdomains,
with positions governed by:
d(θz1)
dt
=
dz1
dt
= 0,
dz2
dt
= ui(z2), z2(0) = z1. (5.13)
Stage 2 starts at time t = t12 when ρci(z2) = ρdiff . The domain is divided by boundaries z = 0, θz1, z1, z2,
z3 into four subdomains, with positions governed by:
d(θz1)
dt
=
dz1
dt
= 0, z2 ∈ argminz2
{
ρci(z2) ≥ ρdiff , dz2dt = ui(z2)
}
,
dz3
dt
= ui(z3), z3(t12) = z2(t12). (5.14)
Stage 3 starts at time t = t23 when ρci(z3) = 0. The domain is divided by boundaries z = 0, θz1, z1, z2, z3
into four subdomains, with positions governed by:
d(θz1)
dt
=
dz1
dt
= 0, z2 ∈ argminz2
{
ρci(z2) ≥ ρdiff , dz2dt = ui(z2)
}
,
z3 ∈ argminz3
{
ρci(z3) = 0,
dz3
dt
= ui(z3)
}
. (5.15)
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In the skin substitute model expressed by equations (5.9)-(5.15), the precise form of diffusion coefficients
DC(T ), DS(T ), advection due to the local cell velocity ui(z), reaction terms gc(ρce, z2), gT (S, T, z2), and
constants ρi0, ρe0, and ρdiff , are given in Chapter 4. For the subsequent discussion we do not require any
further information about these functions and constants, except to note that ui(z) is always positive for
z > 0, and DC(T ) = DCa(1− (1− εCa)T ) where DCa and εCa are constants.
In equations (5.14) and (5.15), the argminzi expressions indicate that the minimum value of zi from its
two values calculated from the two equations inside the curly brackets, is chosen. In their current form,
equations (5.14) and (5.15) do not adhere to the form prescribed in equation (5.3), but their numerical
implementations do:
∆z2
∆t
= min
{
z|ρci=ρdiff − z2
∆t
, ui(z2)
}
,
∆z3
∆t
= min
{
z|ρci=0 − z3
∆t
, ui(z3)
}
, (5.16)
where z|ρci=ρdiff and z|ρci=0 indicate spatial positions z where ρci(z) = ρdiff and ρci(z) = 0 respectively.
Equations (5.9)-(5.15) represent a system in which the growth kinetics of connected subdomains are not
easily separated from the species kinetics acting on these subdomains, a situation which is likely to be
common in developmental biology [268]. In Stages 2 and 3 of the model, the mobile boundaries z2 and z3
depend partially on the species distribution ρci as shown by equations (5.14) and (5.15). In turn, changes
in the positions of z2 and z3 modify reaction terms for ρci, ρce and T , and the boundary conditions for
ρce and S respectively, as shown by equations (5.9)-(5.12).
The physical consequences of this model were discussed in Chapter 4. Here, we demonstrate how the
methods described in Sections 5.4 and 5.5 were applied to obtain numerical spatio-temporal and steady
state solutions of the model. The validity of these methods was verified by an inter-code comparison
between these numerical solutions and an analytical solution which is applicable if DCa is sufficiently
high (≥ 10−9 m−2 s−1). The derivation of the analytical solution is detailed in the Additional Material at
the end of this chapter, Section 5.A.
5.6.2 Spatio-temporal solution
For the spatio-temporal solution of equations (5.9)-(5.15) obtained by following the methods described
in Section 5.4, the stationary boundaries θz1 and z1 become mobile in the transformed coordinate system
(z∗, t∗) due to dependence of their transformed positions on the domain boundary L(t) (given by z2(t)
in Stage 1 and z3(t) in Stages 2 and 3). The advection-diffusion-reaction equations (5.9)-(5.12) were
discretised using the Crank-Nicolson method on a fixed grid in the transformed domain [0, 1], with
second-order central differences for diffusion terms and first-order upwinding for advection terms [272].
The mobile boundary equations (5.13)-(5.15) were solved using the explicit Euler method and updated
synchronously on the same timestep as the species kinetics.
Because the advection-diffusion-reaction equations are nonlinear, the Newton-Armijo method [273] was
employed in tandem with the Crank-Nicolson method for their solution. The Newton-Armijo method
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requires the calculation of matrix inverses, and if equations (5.9)-(5.12) are solved simultaneously with
this method these matrices become exceedingly large and computational time dramatically increases.
By taking into account the interdependence of species ρci, ρce, S and T in equations (5.9)-(5.12), we used
the following implementation of these methods to reduce the size of matrices to be inverted and hence
minimise computational time:
1. At each timestep, equations (5.11) and (5.12) for S and T were solved simultaneously using the
Crank-Nicolson and Newton-Armijo methods because they contain no dependence on ρci or ρce.
This step can be skipped in Stages 1 and 2 of the model because in these stages S = T = 0.
2. Within the same timestep, equation (5.10) for ρce was solved using the Crank-Nicolson and
Newton-Armijo methods because ρce depends only on T and itself.
3. Finally, equation (5.9) for ρci was solved using only the Crank-Nicolson method because its
dependence on itself is linear.
5.6.3 Steady state solution
To obtain steady state solutions of equations (5.9)-(5.15), assumed to occur only in Stage 3 of the model,
we followed the four-step procedure set out in Section 5.5. Because this procedure does not require any
coordinate transformation, only two mobile boundaries z2 and z3 need to be determined simultaneously
with the species distributions. Hence, in Step 1 only the locations of z2 and z3 need to be estimated. For
Step 2, time-dependence was removed from equations (5.9)-(5.12) and the resulting system of ordinary
differential equations, which possess boundary conditions at both z = 0 and z = z3, was transformed to
an iteratively-converging sequence of initial value problems using the shooting method together with
the secant method [271]. These initial value problems were solved numerically using the explicit Euler
method.
In the argminzi expressions of equation (5.15), steady positions z2 and z3 cannot correspond to the second
equations dzj/dt = ui(zj), j = 2, 3, because ui(z) > 0 for z > 0. Hence the functions fj that we wish to
make equal to zero follow from the first equations within these argminzi expressions, and can be written
as
f1(z2, z3) = ρci(z2)− ρdiff = 0, f2(z2, z3) = ρci(z3) = 0. (5.17)
For Step 3, the root-finding algorithm we used to solve equation (5.17) was again the Newton-Armijo
method [273], which for this situation requires the calculation of f1, f2, ∂f1/∂z2, ∂f1/∂z3, ∂f2/∂z2 and
∂f2/∂z3 evaluated at the current estimate of z2 and z3. Hence, in each iteration of Step 3 we calculated
five values each for f1 and f2 evaluated at (z2, z3), (z2 + ∆z/2, z3), (z2 −∆z/2, z3), (z2, z3 + ∆z/2) and
(z2, z3 − ∆z/2) to determine f1(z2, z3) and f2(z2, z3) and approximate the required partial derivative
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terms according to:
∂fj
∂z2
∣∣∣∣
(z2,z3)
≈ 1
∆z
(
fj
(
z2 +
∆z
2
, z3
)
− fj
(
z2 − ∆z
2
, z3
))
, j = 1, 2, (5.18)
∂fj
∂z3
∣∣∣∣
(z2,z3)
≈ 1
∆z
(
fj
(
z2, z3 +
∆z
2
)
− fj
(
z2, z3 − ∆z
2
))
, j = 1, 2. (5.19)
This requires five separate solutions of equations (5.9)-(5.12) with time-dependence removed, in Step 2.
Finally, the tolerances required in Step 4 simply consist of the relative and absolute tolerances associated
with the Newton-Armijo method [273].
5.7 Results
We compared numerical spatio-temporal, numerical steady state and analytical (where applicable)
solutions of the model expressed by equations (5.9)-(5.15) for the four parameter sets spanned by
the choices of DCa = 10−11 m2 s−1 or DCa = 10−9 m2 s−1, and εCa = 5 × 10−5 or εCa = 1, with
all other parameters at the fixed values reported in Chapter 4. Of these four sets, the best match
between solution methods was obtained for (DCa, εCa) = (10−9 m2 s−1, 1) and the worst match was
obtained for (DCa, εCa) = (10−11 m2 s−1, 5 × 10−5). Hence, the solutions of equations (5.9)-(5.15) for
these two parameter sets are presented in Figure 5.1. For (DCa, εCa) = (10−9 m2 s−1, 1), numerical
spatio-temporal (red), numerical steady state (pink), and analytical (black) solutions are shown. For
(DCa, εCa) = (10−11 m2 s−1, 5 × 10−5), only numerical spatio-temporal (blue) and numerical steady state
(cyan) solutions are plotted, as the applicability condition of sufficiently high DCa required for an
analytical solution is not satisfied for this parameter set.
Figure 5.1 demonstrates that the numerical spatio-temporal and steady state solutions, generated
using the methods described in Sections 5.4 and 5.5, match extremely well with each other and
with the analytical solution (where applicable). Figure 5.1(a) shows that the temporal change in
boundaries z2(t) and z3(t) match well between the analytical and numerical spatio-temporal solutions
for (DCa, εCa) = (10−9 m2 s−1, 1). In addition, the predicted final boundary locations z2(t → ∞) and
z3(t → ∞) varied between solution methods by less than 0.4%, for all four parameter sets (data not
shown). Figures 5.1(b)-(d) show that all final species distributions matched well between solution
methods. These results demonstrate the suitability of the presented numerical spatio-temporal and
steady state solution methods to this skin substitute model.
We also investigated the convergence of the steady state solution method, by calculating steady state
distributions of all species and boundaries for DCa = 10−11 m2 s−1 and DCa = 10−9 m2 s−1, together
with 1001 values of εCa spaced equally on a logarithmic scale from 10−5 to 1 (2002 simulations total,
data not shown). We found that the convergence of the Newton-Armijo method to identify these steady
states depended strongly on the initial estimates chosen for z2 and z3. Hence, for the steady state method
we implemented the following addition to the solution algorithm: if the Armijo rule is invoked more
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Figure 5.1: Analytical (black) and numerical (red, pink, blue, cyan) solutions of the skin substitute
model.
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than 10 times during a Newton step, new initial guesses for z2 and z3 are chosen at random such that
100µm≤ z2<z3≤ 180µm and the steady state solution process restarts from the beginning. For all 2002
simulations, initial estimates z2 and z3 could always be found so that the steady state solution method
converged within high tolerances to the correct values of the final boundary locations. No convergence
issues were encountered during the numerical solutions of the full spatio-temporal model.
5.8 Discussion
For the skin substitute model we found that graphs of the numerical spatio-temporal, numerical steady
state and (if applicable) analytical solutions were visibly indistinguishable. This strong agreement
is particularly surprising for the species distributions T and ρci, whose absence of diffusion and
hence infinite Pe´clet numbers are expected to yield severe dissipation in Eulerian schemes [267].
This dissipation depends strongly on the spatial discretisation [272], and yet our numerical spatio-
temporal and steady state solutions were indistinguishable despite the use of vastly different spatial
discretisations (L/∆z = 103 and L/∆z = 105 respectively). Although we and other groups [274] have
observed success with Eulerian schemes in growing domain problems, we caution that the validity of
numerical results for these problems should always be carefully examined, either by comprehensive
inter-code comparisons, the use of robust methods such as the Kurganov-Tadmor operator split
algorithm proposed by Simpson et al. [267], or testing against analytical solutions where possible.
During the identification of steady states for our skin substitute model, we found that the convergence of
the Newton-Armijo method depended strongly on the initial estimates chosen for z2 and z3. This most
likely occurs because f1 and f2, whose zeros are sought in this method, depend in a complex fashion
via the solution of four ordinary differential equations on z2 and z3, but we have not investigated this
further. Hence the examination of alternative root-finding algorithms to the Newton-Armijo method,
for the identification of steady states arising from advection-diffusion-reaction kinetics on growing
domains, is a possible extension to this work.
There are some limitations to the mathematical framework presented here. We assumed that the
functions vi, Di, Ri and/or fj in equations (5.1)-(5.3) cannot depend on spatial or temporal derivatives
of Ci(z, t) or zj(t). However, the functions vi typically depend on the local tissue velocity [264, 270],
which due to the subdomain growth may in turn depend on temporal derivatives of mobile boundaries
zj . Additional, in models of chemotactic and diffusive cell migration on growing domains, cell
advection may depend on the local chemoattractant gradient [267]. In these situations, spatio-temporal
solutions may still be obtained using the transformation described in Section 5.4, but equation (5.4) is
no longer correct. However, the steady state procedure described in Section 5.5 is unaffected and hence
is still suitable for these problems.
On the other hand, the skin substitute model demonstrates that the proposed model framework allows
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the emergence of new spatial subdomains at later times, by dividing the temporal domain into model
stages as in equations (5.13)-(5.15). This has immediate application, for example, to models of the
lower jaw of Alligator mississippiensis in which successive partitioning of the spatial domain contributes
crucially to the formation of the first seven teeth primordia [269]. Regardless of the application, it
is hoped that the present work will contribute to the formation of future mathematical models in
developmental biology.
5.A Additional Material: Analytical Solution of the Epidermal Skin
Substitute Model
For the epidermal skin substitute model described in Chapters 4 and 5, we calculated analytical
solutions for certain model species, model stages and epidermal sublayers where it was practical to
do so. These analytical solutions were used in Chapter 5 to compare with the solutions obtained from
numerical spatio-temporal and steady state methods.
Our analytical solutions were limited to the case where the model parameters satisfied the following
two conditions:
1. The extracellular calcium diffusion coefficient DCa is sufficiently large to rapidly diffuse this
calcium throughout the regions of the viable epidermis where tight junctions are not present. This
is satisfied when DCa = 10−9 m−2 s−1, but is not satisfied when DCa = 10−11 m−2 s−1.
2. The proliferation rate of transit-amplifying cells, s2, exactly balances the ratio of calcium uptake
by these cells relative to their intracellular stores,
s2 = gc(ρe0)/ρi0,
which is satisfied in all our simulations in Chapters 4 and 5 due to our choice of s2.
Under these conditions, we calculated analytical solutions for the motion of the two moving epidermal
sublayer boundaries z2(t) and z3(t) and the intracellular calcium distribution ρci(z, t), for all model
stages and epidermal sublayers. We also calculated analytical solutions for the extracellular calcium
distribution ρce(z, t) for all model stages and epidermal sublayers, except for the stratum granulosum
(z2<z≤ z3) in Stage 3. We did not calculate analytical solutions for the signal chemical S(z, t) or tight
junction concentration T (z, t).
In the following, we derive these analytical solutions for Stages 1, 2 and 3, starting with equations (4.1)-
(4.4) and the description of model stages (Section 4.3.6).
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Stage 1
In Stage 1, which possesses spatial domain 0 ≤ z ≤ z2(t) and temporal domain 0 ≤ t ≤ t12, the equations
governing the model are as follows.
Sublayer boundary motion:
dz2
dt
= ui(z2), z2(0) = z1, (5.A.1)
where ui(z) =

s1z, 0 ≤ z ≤ θz1,
s2z − (s2 − s1)θz1, θz1 ≤ z ≤ z1,
s2z1 − (s2 − s1)θz1, z1 ≤ z ≤ z2.
(5.A.2)
Extracellular calcium dynamics:
∂ρce
∂t
= DCa
∂2ρce
∂z2
− gc, (5.A.3)
ρce(0, t) = ρe0, (5.A.4)
DCa
ρce(z2, t)
∂ρce
∂z
(z2, t) =
dz2
dt
, (5.A.5)
ρce(z, 0) = ρe0. (5.A.6)
Intracellular calcium dynamics:
ρci = ρi0, 0 ≤ z ≤ θz1, (5.A.7)
∂ρci
∂t
= gc − ∂
∂z
(ρciui) , θz1 < z ≤ z2, (5.A.8)
where gc =
0, 0 ≤ z ≤ θz1,g0/ (1 + exp [−k (ρce − ρmid)]) , θz1 < z ≤ z2, (5.A.9)
ρci(z, 0) = ρi0. (5.A.10)
Stage 1 ends when:
t = t12, ρci(z2, t12) = ρdiff . (5.A.11)
Solution:
For the sublayer boundary z2(t), its motion follows the local cell velocity ui(z2) (equation (5.A.1)), which
is constant and always equal to ui(z1) (equation (5.A.2)). Combination of these equations immediately
yields the motion of z2(t) as
z2(t) = z1 + ui(z1)t. (5.A.12)
For extracellular calcium, the equations are simplified by the condition of sufficiently large DCa in two
ways. First, in equation (5.A.3), the term gc becomes negligible. Second, in boundary condition (5.A.5),
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∂ρce/∂z(z2, t) must be small to balance the large DCa and maintain reasonable magnitudes of the other
factors ρce(z2, t) and dz2/dt. Extracellular calcium dynamics (5.A.3)-(5.A.6) are therefore rewritten as
∂ρce
∂t
= DCa
∂2ρce
∂z2
, ρce(0, t) = ρce(z, 0) = ρe0,
∂ρce
∂z
(z2, t) = 0, (5.A.13)
and for large DCa this reaches diffusive equilibrium at sufficiently rapid timescales that we obtain a
constant extracellular calcium concentration throughout the model domain,
ρce(z, t) = ρe0. (5.A.14)
For intracellular calcium, the solution in the stem cell region 0≤ z≤ θz1 is already given by equation
(5.A.7). In all other regions θz1<z≤ z2 it is convenient to rewrite the governing equation (5.A.8) in two
ways. First, the term gc in these regions describes cellular calcium uptake that is dependent on the local
extracellular calcium concentration according to the second option of equation (5.A.9). We found that
this concentration is ρe0 (equation (5.A.14)), and thus gc = gc(ρe0). From the second condition that we
imposed on analytical solutions, this must be equal to s2ρi0. Second, we apply the product rule to the
advective term. Hence, equation (5.A.8) is rewritten as
∂ρci
∂t
= s2ρi0 − ui ∂ρci
∂z
− ρciduidz , θz1 < z ≤ z2. (5.A.15)
We next use this equation to obtain the intracellular calcium concentration in the transit-amplifying (TA)
cell region θz1<z≤ z1 and the stratum spinosum (SS) cell region z1<z≤ z2.
For the TA cell region, dui/dz= s2 (equation (5.A.2)). Intracellular calcium dynamics in the TA cell
region (5.A.7), (5.A.10) and (5.A.15) are therefore simplified to
∂ρci
∂t
= s2(ρi0 − ρci)− ui ∂ρci
∂z
, θz1 < z ≤ z1, (5.A.16)
ρci(θz1, t) = ρci(z, 0) = ρi0. (5.A.17)
Equation (5.A.17) shows that the initial value of ρci is ρi0 and its initial spatial gradient is zero, ∂ρci/∂z =
0. This causes both terms in equation (5.A.16) to go to zero. Hence ρci does not change temporally or
spatially in the TA cell region and is equal to
ρci(z, t) = ρi0, θz1 < z ≤ z1. (5.A.18)
This occurs physically because the cellular calcium influx into TA cells exactly balances the proliferation
rate there so that no overall change in intracellular calcium concentration occurs.
For the SS cell region, ui is constant and equal to ui(z1), and thus dui/dz= 0 (equation (5.A.2)).
Intracellular calcium dynamics in the SS cell region (5.A.10), (5.A.15) and (5.A.18) are therefore
simplified to
∂ρci
∂t
= s2ρi0 − ui(z1)∂ρci
∂z
, (5.A.19)
ρci(z1, 0) = ρi0. (5.A.20)
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The analytical solution which satisfies these equations is time-independent and given by
ρci(z, t) = ρi0
[
1 +
s2
ui(z1)
(z − z1)
]
, z1 < z ≤ z2. (5.A.21)
Equation (5.A.21) shows that SS cells accumulate intracellular calcium at a constant rate during their
passive migration away from z1.
To determine the time t12 when Stage 1 ends, equations (5.A.11) and (5.A.21) are combined through the
common term ρci(z2, t12),
ρdiff = ρi0
[
1 +
s2
ui(z1)
(z2(t12)− z1)
]
. (5.A.22)
In this equation, z2(t12) is the position of the upper sublayer boundary that will be reached when Stage 1
ends. From substitution of our found expression for z2(t) (equation (5.A.12)) into equation (5.A.22), and
subsequent rearrangement, we find that the time at which Stage 1 transitions to Stage 2 is
t12 =
ρdiff − ρi0
s2ρi0
. (5.A.23)
Summary of solution:
In Stage 1, which possesses spatial domain 0 ≤ z ≤ z2(t) and temporal domain 0 ≤ t ≤ t12,
z2(t) = z1 + ui(z1)t,
t12 =
ρdiff − ρi0
s2ρi0
,
ui(z) =

s1z, 0 ≤ z ≤ θz1,
s2z − (s2 − s1)θz1, θz1 ≤ z ≤ z1,
s2z1 − (s2 − s1)θz1, z1 ≤ z ≤ z2,
ρce(z, t) = ρe0,
ρci(z, t) =

ρi0, 0 ≤ z ≤ z1,
ρi0
[
1 +
s2
ui0
(z − z1)
]
, z1 ≤ z ≤ z2.
Stage 2
In Stage 2, which possesses spatial domain 0≤ z≤ z3(t) and temporal domain t12<t≤ t23, the equations
governing the model are as follows.
105
Sublayer boundary motion:
z2 = argminz2
{
ρci(z2) ≥ ρdiff , dz2dt = ui(z2)
}
, z2(t12) = z1 + ui(z1)t12, (5.A.24)
dz3
dt
= ui(z3), z3(t12) = z2(t12), (5.A.25)
where ui(z) =

s1z, 0 ≤ z ≤ θz1,
s2z − (s2 − s1)θz1, θz1 ≤ z ≤ z1,
s2z1 − (s2 − s1)θz1, z1 ≤ z ≤ z3.
(5.A.26)
Extracellular calcium dynamics:
∂ρce
∂t
= DCa
∂2ρce
∂z2
− gc, (5.A.27)
ρce(0, t) = ρe0, (5.A.28)
DCa
ρce(z3, t)
∂ρce
∂z
(z3, t) =
dz3
dt
, (5.A.29)
ρce(z, t12) = ρe0. (5.A.30)
Intracellular calcium dynamics:
ρci = ρi0, 0 ≤ z ≤ θz1, (5.A.31)
∂ρci
∂t
= gc − ∂
∂z
(ρciui) , θz1 < z ≤ z3, (5.A.32)
where gc =

0, 0 ≤ z ≤ θz1,
g0/ (1 + exp [−k (ρce − ρmid)]) , θz1 < z ≤ z2,
−g1, z2 < z ≤ z3,
(5.A.33)
ρci(z, t12) =

ρi0, 0 ≤ z ≤ z1,
ρi0
[
1 +
s2
ui(z1)
(z − z1)
]
, z1 ≤ z ≤ z2.
(5.A.34)
Stage 2 ends when:
t = t23, ρci(z3, t23) = 0. (5.A.35)
Solution:
For extracellular calcium, the governing equations (5.A.27)-(5.A.30) possess the same form as the
governing equations acting in Stage 1 (equations (5.A.3)-(5.A.6)). Thus, in Stage 2 the extracellular
calcium concentration remains constant throughout the model domain,
ρce(z, t) = ρe0. (5.A.36)
For intracellular calcium, the governing equations (5.A.31)-(5.A.34) possess the same form as the
governing equations acting in Stage 1 (equations (5.A.7)-(5.A.10)), with two exceptions: a different
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initial condition (5.A.34) and a pattern of calcium exchange defined for the stratum granulosum (SG)
cell region z2 < z ≤ z3 (third option of equation (5.A.33)). The SG cell region did not exist in Stage 1.
These equations yield the same intracellular calcium concentration in the domain 0≤ z≤ z2 as in Stage 1,
ρci(z, t) =

ρi0, 0 ≤ z ≤ z1,
ρi0
[
1 +
s2
ui(z1)
(z − z1)
]
, z1 ≤ z ≤ z2.
(5.A.37)
To determine the intracellular calcium concentration in the SG cell region, we rewrite the governing
equation (5.A.32) in two ways. First, the term gc in this region is equal to −g1 (equation (5.A.33)).
Second, the cell velocity ui is constant and equal to ui(z1) (equation (5.A.26)), and can be taken out of
the spatial derivative in the advective term. Intracellular calcium dynamics in the SG cell region (5.A.32)
and (5.A.37) are therefore simplified to
∂ρci
∂t
= −g1 − ui(z1)∂ρci
∂z
, z2 ≤ z ≤ z3, (5.A.38)
ρci(z2, t) = ρi0
[
1 +
s2
ui(z1)
(z2 − z1)
]
. (5.A.39)
The analytical solution which satisfies these equations is time-independent and given by
ρci(z, t) = ρi0
[
1 +
s2
ui(z1)
(z2 − z1)
]
− g1
ui(z1)
(z − z2) , z2 ≤ z ≤ z3. (5.A.40)
Equation (5.A.40) shows that SG cells expel intracellular calcium at a constant rate during their passive
migration away from the underlying sublayers.
For the sublayer boundary z2, its motion follows either the position where the intracellular calcium
concentration is ρdiff (first option of equation (5.A.24)), or the local keratinocyte velocity ui(z2) if this
intracellular calcium concentration has not been reached at z2 (second option of equation (5.A.24)),
whichever yields a lower value of z2. In Stage 2, the first option will yield a stationary value of
z2 because the spatial position of ρci = ρdiff does not change, due to the time-independence of the
intracellular calcium concentrations (equations (5.A.37) and (5.A.40)). The second option will always
yield an increasing value of z2 because ui(z2) is positive (equation (5.A.26)). Hence z2 will always
follow the first option of equation (5.A.24) in Stage 2, and its position is constant and equal to
z2 = z1 + ui(z1)t12. (5.A.41)
For the sublayer boundary z3(t), its motion follows the local cell velocity ui(z3) (equation (5.A.25)),
which is constant and always equal to ui(z1) (equation (5.A.26)). Combination of equations (5.A.24)-
(5.A.26) immediately yields the motion of z3(t) as
z3(t) = z1 + ui(z1)t. (5.A.42)
To determine the time t23 when Stage 2 ends, equations (5.A.35) and (5.A.40) are combined through the
common term ρci(z3, t23),
0 = ρi0
[
1 +
s2
ui(z1)
(z2 − z1)
]
− g1
ui(z1)
(z3(t23)− z2) . (5.A.43)
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In this equation, z3(t23) is the position of the upper sublayer boundary that will be reached when Stage
2 ends. Substitution of our found expressions for z2 and z3(t) (equations (5.A.41) and (5.A.42)) into
equation (5.A.43) yields
0 = ρi0 (1 + s2t12)− g1 (t23 − t12) . (5.A.44)
After substitution of the expression for t12 (equation (5.A.23)) into equation (5.A.44), and subsequent
rearrangement, we find that the time at which Stage 2 transitions to Stage 3 is
t23 =
ρdiff − ρi0
s2ρi0
+
ρdiff
g1
. (5.A.45)
Summary of solution:
In Stage 2, which possesses spatial domain 0 ≤ z ≤ z3(t) and temporal domain t12 < t ≤ t23,
z2 = z1 + ui(z1)t12,
z3(t) = z1 + ui(z1)t,
t12 =
ρdiff − ρi0
s2ρi0
,
t23 =
ρdiff − ρi0
s2ρi0
+
ρdiff
g1
,
ui(z) =

s1z, 0 ≤ z ≤ θz1,
s2z − (s2 − s1)θz1, θz1 ≤ z ≤ z1,
s2z1 − (s2 − s1)θz1, z1 ≤ z ≤ z3,
ρce(z, t) = ρe0,
ρci(z, t) =

ρi0, 0 ≤ z ≤ z1,
ρi0
[
1 +
s2
ui(z1)
(z − z1)
]
, z1 ≤ z ≤ z2,
ρi0
[
1 +
s2
ui(z1)
(z2 − z1)
]
− g1
ui(z1)
(z − z2) , z2 ≤ z ≤ z3.
Stage 3
In Stage 3, which possesses spatial domain 0≤ z≤ z3 and temporal domain t> t23, we calculate
analytical solutions for the moving epidermal sublayer boundaries z2 and z3, the intracellular calcium
distribution ρci for the whole spatial domain, and the extracellular calcium distribution ρce for part of
the spatial domain 0≤ z≤ z2. We do not calculate analytical solutions for ρce in the SG z2<z≤ z3,
signal chemical S, or tight junctions T .
The equations governing the model in Stage 3, from which we calculate analytical solutions, are as
follows.
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Sublayer boundary motion:
z2 = argminz2
{
ρci(z2) ≥ ρdiff , dz2dt = ui(z2)
}
, z2(t23) = z1 + ui(z1)t12, (5.A.46)
z3 = argminz3
{
ρci(z3) = 0,
dz3
dt
= ui(z3)
}
, z3(t23) = z1 + ui(z1)t23, (5.A.47)
where ui(z) =

s1z, 0 ≤ z ≤ θz1,
s2z − (s2 − s1)θz1, θz1 ≤ z ≤ z1,
s2z1 − (s2 − s1)θz1, z1 ≤ z ≤ z3.
(5.A.48)
Extracellular calcium dynamics, excluding the SG:
∂ρce
∂t
= DCa
∂2ρce
∂z2
− gc, 0 ≤ z ≤ z2, (5.A.49)
ρce(0, t) = ρe0, (5.A.50)
ρce(z, t23) = ρe0. (5.A.51)
Intracellular calcium dynamics:
ρci = ρi0, 0 ≤ z ≤ θz1, (5.A.52)
∂ρci
∂t
= gc − ∂
∂z
(ρciui) , θz1 < z ≤ z3, (5.A.53)
where gc =

0, 0 ≤ z ≤ θz1,
g0/ (1 + exp [−k (ρce − ρmid)]) , θz1 < z ≤ z2,
−g1, z2 < z ≤ z3,
(5.A.54)
ρci(z, t23) =

ρi0, 0 ≤ z ≤ z1,
ρi0
[
1 +
s2
ui(z1)
(z − z1)
]
, z1 ≤ z ≤ z2,
ρi0
[
1 +
s2
ui(z1)
(z2 − z1)
]
− g1
ui(z1)
(z − z2) , z2 ≤ z ≤ z3.
(5.A.55)
Solution:
For extracellular calcium in 0≤ z≤ z2, the governing equations (5.A.49)-(5.A.51) possess the same
form as the governing equations acting in Stages 1 and 2, except that the upper boundary condition
is removed as we are not considering the full model domain 0≤ z≤ z3. Despite this, the extracellular
calcium diffusion coefficient DCa is sufficiently large that the extracellular calcium concentration
remains constant throughout 0≤ z≤ z2 in Stage 3,
ρce(z, t) = ρe0, 0 ≤ z ≤ z2. (5.A.56)
For intracellular calcium, the governing equations (5.A.52)-(5.A.55) possess the same form as the
governing equations acting in Stage 2 (equations (5.A.31)-(5.A.34)), except for a different initial
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condition (5.A.55). These equations yield the same intracellular calcium concentration as in Stage 2,
ρci(z, t) =

ρi0, 0 ≤ z ≤ z1,
ρi0
[
1 +
s2
ui(z1)
(z − z1)
]
, z1 ≤ z ≤ z2,
ρi0
[
1 +
s2
ui(z1)
(z2 − z1)
]
− g1
ui(z1)
(z − z2) , z2 ≤ z ≤ z3.
(5.A.57)
For the sublayer boundary z2, the governing equation (5.A.46) possesses the same form as the governing
equation acting in Stage 2 (equation (5.A.24)), and thus the position at z2 in Stage 3 remains at
z2 = z1 + ui(z1)t12. (5.A.58)
For the sublayer boundary z3, its motion follows either the position where the intracellular calcium
concentration is zero (first option of equation (5.A.47)), or the local keratinocyte velocity ui(z3) if this
intracellular calcium concentration has not been reached at z3 (second option of equation (5.A.47)),
whichever yields a lower value of z3. In Stage 3, the first option will yield a stationary value of z3
because the spatial position of ρci = 0 does not change, due to the time-independence of the intracellular
calcium concentration (equation (5.A.57)). The second option will always yield an increasing value of
z3 because ui(z3) is positive (equation (5.A.48)). Hence z3 will always follow the first option of equation
(5.A.47) in Stage 3, and its position is constant and equal to
z3 = z1 + ui(z1)t23. (5.A.59)
Summary of solution:
In Stage 3, which possess spatial domain 0 ≤ z ≤ z3 and temporal domain t > t23,
z2 = z1 + ui(z1)t12,
z3 = z1 + ui(z1)t23,
t23 =
ρdiff − ρi0
s2ρi0
+
ρdiff
g1
,
ui(z) =

s1z, 0 ≤ z ≤ θz1,
s2z − (s2 − s1)θz1, θz1 ≤ z ≤ z1,
s2z1 − (s2 − s1)θz1, z1 ≤ z ≤ z3,
ρce(z, t) = ρe0, 0 ≤ z ≤ z2,
ρci(z, t) =

ρi0, 0 ≤ z ≤ z1,
ρi0
[
1 +
s2
ui(z1)
(z − z1)
]
, z1 ≤ z ≤ z2,
ρi0
[
1 +
s2
ui(z1)
(z2 − z1)
]
− g1
ui(z1)
(z − z2) , z2 ≤ z ≤ z3.
110
Chapter 6
Conclusions
This thesis is presented by publications. The original contribution to the literature is given in the
form of two journal articles and two conference papers. The first major objective of this research was
to determine the key mechanisms that regulate the calcium profile in unwounded epidermis. This
objective was addressed by developing a steady state multiphase model of the epidermis possessing two
phases - cells and extracellular fluid - within which calcium is present as intracellular and extracellular
respectively. The second major objective of this research was to identify the possible contributors to
the growth and deterioration pattern of reconstructed epidermis. This objective was addressed by
extending the multiphase model from steady state to spatiotemporal, with the growth of reconstructed
epidermis governed by interactions between the motion of epidermal sublayer boundaries and the
spatial distributions of calcium, tight junctions and a hypothesised signal chemical present within the
epidermal sublayers. This modelling approach is novel as multiphase models have never before been
applied to consider normal or reconstructed epidermis, or their calcium profiles. This final chapter
summarises the progress that was made in this thesis to address the two major objectives stated in
Chapter 1, and concludes with a discussion of some possible directions for future research.
6.1 Key Results of the Thesis
Objective 1: Mechanisms that regulate the calcium profile in unwounded epidermis
It is already well-established that the stratum corneum acts as a passive barrier that is essential
to the regulation of epidermal calcium profile, by restricting this calcium to the viable epidermal
sublayers [118]. For the first major objective of the thesis, we investigated the relative contributions of
two additional mechanisms to the formation of the epidermal calcium profile: (1) calcium partitioning
between intracellular and extracellular localisations, and (2) tight junction-limited extracellular calcium
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transport. These investigations were conducted using a multiphase model of unwounded normal
human and murine epidermis, first by considering regulation of the epidermal calcium profile by the
stratum corneum and calcium partitioning (Section 2), and second by considering regulation of the
epidermal calcium profile by the stratum corneum, calcium partitioning and tight junctions (Section 3).
We concluded that the intracellular and extracellular calcium profiles in unwounded epidermis form as
follows (see Figure 3.1):
1. Intracellular calcium: Viable keratinocytes migrate passively towards the skin surface due to
the underlying proliferation occurring in the stratum basale, and progressively increase their
internal calcium stores by taking in calcium from the surrounding extracellular fluid. Once
these keratinocytes reach the stratum spinosum-stratum granulosum boundary, they distinctly
reverse their calcium exchange to outflux, and expel all their calcium into the extracellular fluid
of the stratum granulosum. After completing this expulsion, the keratinocytes become mature
corneocytes of the stratum corneum barrier. These processes together are responsible for the
characteristic intracellular calcium profile possessing low levels in the stratum basale and stratum
spinosum, rising to a peak in the stratum granulosum, and dropping to negligible levels in the
stratum corneum [4].
2. Extracellular calcium: Extracellular calcium diffuses rapidly through the stratum basale and
stratum spinosum, which causes a relatively constant extracellular calcium concentration to occur
there. The rate of extracellular calcium diffusion is reduced in the stratum granulosum due to the
presence of tight junctions [28]. Because calcium is being expelled into the extracellular fluid by
keratinocytes in the stratum granulosum, the reduced extracellular calcium diffusion there causes
a slightly elevated extracellular calcium concentration in the stratum granulosum compared
to the underlying sublayers. Extracellular calcium cannot pass through the stratum corneum
barrier. These processes together yield an extracellular calcium profile that possesses relatively
constant levels in the stratum basale and stratum spinosum, slightly elevated levels in the stratum
granulosum, and negligible levels in the stratum corneum [4].
We attributed the formation of the epidermal calcium profile to three key mechanisms: the stratum
corneum barrier, the tight junction barrier, and sublayer-specific changes in the calcium exchange
between keratinocytes and extracellular fluid. Using our multiphase model of unwounded epidermis,
we also predicted the following:
• Due to the small volume occupied by the extracellular fluid compared to keratinocytes,
intracellular calcium is the main source of the epidermal calcium profile.
• Keratinocytes lose at least 87% of their volume during their disintegration in the stratum
granulosum.
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• The permeability of the tight junction barrier to calcium ions is less than 15 nm s−1 in human
epidermis and less than 37 nm s−1 in murine epidermis.
In summary, to address Objective 1 we developed a conceptual model of keratinocyte and calcium
dynamics in unwounded epidermis, based on three key mechanisms. This conceptual model is able
to account for the intracellular and extracellular epidermal calcium profiles observed experimentally. A
multiphase model was used both to verify this conceptual model and provide additional quantitative
predictions (see the previously listed bullet points).
Objective 2: Possible contributors to the growth and deterioration pattern of
reconstructed epidermis
The second major objective of this research was to determine if the growth and deterioration pattern of
reconstructed epidermis could be attributed to altered dynamics of extracellular calcium and/or tight
junctions. To address this, we extended the steady state multiphase model developed for Objective 1 to
a spatiotemporal multiphase model which possessed equations governing the keratinocyte velocities,
motion of epidermal sublayer boundaries, and changes in spatial distributions of intracellular calcium,
extracellular calcium, tight junctions and a hypothesised signal chemical. This model considered
the growth of reconstructed epidermis from basal keratinocytes to a fully stratified structure in three
temporal stages, each stage corresponding to the formation of individual suprabasal sublayers (stratum
spinosum, stratum granulosum, and stratum corneum). The results of this model were outlined in
Chapter 4 and the solution methods for this model were outlined in Chapter 5.
We examined whether the deterioration of reconstructed epidermis could be due to either the presence
of tight junctions in the stratum granulosum or reduced extracellular calcium diffusion coefficient
through the viable epidermal sublayers (Chapter 4). The model assumed that threshold intracellular
calcium levels were triggers for suprabasal keratinocyte differentiation. We found that the reconstructed
epidermis deterioration cannot be attributed to tight junctions, because their effect on the calcium
profile is limited to the extracellular calcium in the stratum granulosum. Some deterioration was
observed if the extracellular calcium diffusion coefficient was reduced in all the viable epidermal
sublayers, but this deterioration produced an oscillatory pattern in the thickness of reconstructed
epidermis, and the final deterioration was not as significant as observed experimentally. Hence, the
reason for the growth and deterioration of reconstructed epidermis remains an open question.
We outlined the solution methods used to solve the reconstructed epidermis model in Chapter 5. We
showed that our model can be considered as an application of a general mathematical framework for
models of advection-diffusion-reaction equations on domains and subdomains whose growth affects
is affected by these equations. Such models commonly arise in developmental biology. Specifically, we
verified the accuracy of our model solutions by use of three different solution methods: (1) full numerical
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solution of the spatiotemporal model by mathematical transformation of the growing domain to a fixed
domain and solving the subsequent system of ordinary and partial differential equations, (2) steady state
solution by using an iterative algorithm which consecutively updates guesses of the final positions of
sublayer boundaries and spatial distributions of species, ultimately converging towards the steady state
(Section 5.5), and (3) an analytical solution which is applicable for certain parameter values (Section 5.A).
We found that model solutions from the three different methods compared extremely well. For example,
the predicted final locations of mobile sublayer boundaries varied between all solution methods by less
than 0.4%.
In summary, to address Objective 2 we used a spatiotemporal model of reconstructed epidermis
growth and deterioration to conclude that the experimentally-observed deterioration pattern cannot
be attributed to tight junctions in the stratum granulosum or reduced extracellular calcium diffusion
coefficient throughout the viable epidermal sublayers. The model results we obtained were verified by
comparison of numerical spatiotemporal and steady state solutions and an analytical solution (where
applicable). Although we were not able to identify the reason for the growth and deterioration of
reconstructed epidermis, the mathematical modelling and conceptual background developed here
may aid future efforts to resolve this question. In the next section, we outline the possible directions
for future research from both objectives of this thesis, including suggested modifications of the
reconstructed epidermis model that may improve its predictions.
6.2 Directions for Future Research
The research presented in this thesis provides a plethora of potential avenues for future research.
With regards to the steady state multiphase model of unwounded epidermis developed for Objective 1,
the following additional research could be undertaken:
• Implementation of sublayer-specific calcium exchange in off-lattice models of epidermal homeostasis.
Keratinocytes in these models could be programmed with rules to accumulate calcium when
they are present in a basal or spinous phenotype, expel calcium in a granular phenotype, and
express no calcium or calcium exchange when they become corneocytes. This model could also
be hybridised with a continuum-level diffusion equation for the extracellular calcium motion,
where the diffusion coefficient for extracellular calcium motion is modified by the presence of
tight junctions and/or lipids.
• Modelling the intracellular calcium present in the cytosol and organelles as separate concentrations.
This may involve extending the multiphase model to three phases (extracellular, intracellular
cytosol and intracellular organelles) and could be used to investigate skin conditions that express
mutations in the keratinocyte pumps controlling calcium exchange between the cytosol and
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organelles, such as Darier disease [124] and Hailey-Hailey disease [125].
• Extension of the model to consider superficial wounding and/or psoriasis.
Most models of wound healing consider the epidermis as a sufficiently thin two-dimensional
sheet so that the superficial healing dynamics occurring within individual epidermal sublayers
can be neglected (e.g. [175]), whilst to our knowledge there is only one published model that
has investigated the effects of psoriasis on epidermal structure [228]. The experimental calcium
distributions that are present during superficial wound healing responses and psoriasis are
well-documented (reviewed in Section 1.2.3), and can be used to verify the predictions of such
modelling.
• Modelling the different effects of vapour-impermeable and vapour-permeable dressings on wounded
epidermis.
Experimentally, occlusion of wounded epidermis by a vapour-impermeable dressing blocks the
return of the epidermal calcium gradient, whilst occulsion with a vapour-permeable dressing
(which permits low rates of water flow) allows considerable return of the calcium gradient and
barrier recovery [116, 118]. The investigation of this problem, which would build upon the
previously described extension of our model to consider wound healing dynamics, would be
useful to explain the importance of water flux across the stratum corneum during barrier recovery.
• Inclusion of the specific contribution of lipids to epidermal barrier function.
The secretion of lamellar bodies, the precursor to lipids, is triggered by reduced calcium levels
in the upper epidermis during wounding [19]. Whilst lipids and corneocytes together form the
stratum corneum barrier, recent experimental research has indicated an interdependence between
tight junction-based and lipid-based barriers [255]. Lipids have been considered previously in
an agent-based model of epidermal calcium flow and homeostasis [50]. The unravelling of the
dynamic interactions between lipids, tight junctions and the stratum corneum in maintaining
epidermal barrier function and homeostasis would be an interesting problem for future theoretical
research.
• Experimental verification of the predictions of our steady state model.
We encourage biologists to experimentally test (where possible) the key predictions of our
theoretical work, including: (1) the presence of a phenotypic switch in keratinocytes from cellular
calcium influx in the stratum spinosum to cellular calcium outflux in the stratum granulosum,
(2) quantitative measurement of the permeability of the tight junction barrier to calcium in
vivo (which we predict is less than 15 nm s−1 in human epidermis and less than 37 nm s−1 in
murine epidermis), and (3) that keratinocytes change their volume during disintegration in the
stratum granulosum by approximately 10-fold in human epidermis and maybe larger in murine
epidermis. In addition, experimental confirmation of the localisation of the tight junction barrier,
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which may be thin and localised to only one monolayer in the stratum granulosum [259] or broad
and protrude into the stratum corneum [245], would further clarify our conceptual model of
calcium dynamics in the upper epidermis (Figure 3.1).
With regards to the spatiotemporal multiphase model of reconstructed growth developed for Objective
2, the following additional research could be undertaken:
• Modifications of the model to investigate other possible contributors to the growth and deterioration pattern
of reconstructed epidermis.
Our model considered threshold levels of intracellular calcium as the trigger for suprabasal
differentiations both from the stratum spinosum to the stratum granulosum and from the stratum
granulosum to the stratum corneum. However, the motion of these sublayer boundaries may
form nonlinearly in response to a combination of their intracellular calcium levels and/or changes
in the uptake of intracellular calcium either into the keratinocytes or their organelles (which in a
modelling sense would involve dependence of the sublayer boundary locations on the temporal
derivatives of these intracellular calcium concentrations). Alternatively, the suprabasal sublayers
may form as a direct response to high calcium in the culture medium [90].
A more comprehensive examination of the possible contributors may require the simultaneous
consideration of several signals for epidermal differentiation, as was done in the agent-based
model of keratinocyte colony formation reported by Sun et al. [159]. They investigated the
relative importance of the following differentiation mechanisms: contact inhibition, the presence
of signals such as ceramide, the Fas ligand and elevated extracellular calcium, the absence of
protective signals, simultaneous signals of growth and differentiation, the loss of cell-matrix
and/or cell-cell contacts, and cells remaining in a quiescent state for a sufficient time period.
All of these mechanisms could be investigated using our continuum approach, even including
cell-cell adhesion [275]. With the basic reconstructed epidermis growth model and solution
techniques for this model already established in the present research, a potential next step would
be the systematic evaluation of these differentiation triggers for their effect on reconstructed
epidermis growth and deterioration using our multiphase model approach.
• Improving convergence for the steady state solutions of the model.
Convergence of the four-step algorithm we used to identify steady states of the reconstructed
epidermis model (Section 5.5) was strongly dependent on the initial guesses chosen for the location
of the sublayer boundaries. As mentioned in Section 5.8, this likely occurred because the algorithm
involved finding the roots of functions f1 and f2 whose zeros depended in a complex fashion
via the solution of ordinary differentiation equations on the sublayer boundary locations. Future
research could investigate whether modification of methods used in individual steps of the four-
step algorithm (e.g. the use of alternative root-finding methods to the Newton-Armijo method in
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Step 3 of the algorithm) would be sufficient to eliminate its convergence issues, or if a different
algorithm is needed for this.
• Investigation of alternative transformations of the growing domain and subdomains for the spatiotemporal
solution of model.
For the full spatiotemporal solution of the reconstructed epidermis model, the growing model
domain was transformed mathematically to a fixed domain [270], and the resulting system of
ordinary and partial differential equations was solved numerically. However, this transformation
also converted the fixed sublayer boundaries θz1 and z1 to moving sublayer boundaries, thus
potentially introducing additional complexity to the model solution. An alternative approach
is to mathematically transform each subdomain of the model to a fixed domain [0, 1], prescribe
appropriate boundary conditions at each of the subdomain boundaries, and solve the resulting
system of ordinary and partial differential equations. A future comparison of model solutions
obtained by transforming the whole domain to [0, 1] (as was done in the present research) or
transforming each individual subdomain to [0, 1] could identify if the latter solution method
introduces less complexity and/or reduces computational costs.
• Application of our mathematical framework for the solution of advection-diffusion-reaction equations on
domains and subdomains to other problems in developmental biology.
As mentioned in Chapter 5, domain growth critically affects biological development in many
other contexts, including: the appearance of skin colour patterns of the marine angelfish
Pomacanthus [264], skeletal pattern formation in chick limb [265], tangential growth of the
Drosophila wing disc [266], and the ability of migratory cells to fully colonise a tissue domain [267].
The mathematical framework we describe in Chapter 5 has immediate application to such
problems, especially to models of the lower jaw of Alligator mississippiensis in which successive
partitioning of the spatial domain contributes crucially to the formation of the first seven teeth
primordia [269]. The potential improvements in our model framework proposed in the two
extensions of our work described above (improving convergence for steady state solutions, and
investigation of alternative mathematical transformations for spatiotemporal solutions) may also
increase the usefulness of our developed framework for these other problems in developmental
biology.
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